U' University
of Antwerp
Faculty of Science

The curvature problem and
deformations of triangulated categories

Thesis submitted for the degree of
doctor in Mathematics
at the University of Antwerp to be defended by

Alessandro Lehmann

Supervisors
Prof. Dr. Wendy Lowen
Antwerp, 12 May, 2025 Prof. Dr. Nicolo Sibilla



Jury

Chair
Prof. Dr. Sonja Hohloch, University of Antwerp

Supervisors
Prof. Dr. Wendy Lowen, University of Antwerp
Prof. Dr. Nicolo Sibilla, SISSA

Members

Prof. Dr. Ignacio Barros, University of Antwerp

Prof. Dr. Dmitry Kaledin, Independent University of Moscow and Steklov Mathematical
Institute

Prof. Dr. Bernhard Keller, Université Paris Cité

Prof. Dr. Michel Van den Bergh, University of Hasselt and Free University of Brussels

Contact
Alessandro Lehmann

University of Antwerp
Faculty of Science
Middelheimlaan 1, 2020 Antwerpen, Belgié

SISSA
Geometry and Mathematical Physics
Via Bonomea, 265, 34136 Trieste, Italia

©) 12 May, 2025 Alessandro Lehmann
All rights reserved.
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1

Introduction

This thesis concerns the deformation theory of triangulated categories; these — often in
their enhanced versions — are central objects in modern mathematics, playing a crucial
role in fields such as derived algebraic geometry and homological mirror symmetry. While
triangulated categories first emerged as a tool in algebraic geometry and in homotopy
theory, they have become a topic of interest in and of themselves. The perspective we
will be interested in is that of noncommutative algebraic geometry. Here, triangulated
categories (or a subclass of those) act as a model for noncommutative schemes, where
a scheme X is seen as a noncommutative scheme via its triangulated derived category
D(X). A surprising fact is that no satisfactory deformation theory for these objects
exists. While there exist notions of deformation of a triangulated category, they tend to
be in general not well-behaved. The issue is known in deformation theory as the curvature
problem. This corresponds to the fact that roughly speaking, the Hochschild complex of a
dg algebra (and, by extension, a triangulated category) encodes more deformations than
the ones that one would a priori expect.

For the non-expert

In this short section I would like to motivate and briefly explain the content of this thesis
to the reader who is not already a researcher in deformation theory or in a neighboring
area'; while many of the results contained here have a technical flavour, the motivation
does not.

Categories — of which triangulated categories are a specifically important example — are
algebraic objects which have found wide applications in many fields of mathematics. Of
particular interest for us is the fact that triangulated categories can be seen as a model
for certain noncommutative spaces. Whatever precise meaning one might assign to this
statement, the point is that one can also see a triangulated category as a geometric object
— rather than just an algebraic one. A common theme in geometry is the importance of
considering objects in families. It hence becomes a meaningful question to understand
what a family (or a moduli space) of triangulated categories is. At the infinitesimal level,
the question is hence to understand deformations of triangulated categories. This is not
a new question, and deformations of triangulated categories have been studied by several

1But is still a mathematician; sorry, dad.



2 CHAPTER 1. INTRODUCTION

authors (e.g. Lurie [Lurll], Genovese-Lowen-Symons-Van den Bergh [GLSVdB24], Blanc-
Katzarkov-Pandit [BKP18],...). However, the notion of deformation used there is not
well-behaved. Very roughly, by the general theory one would expect a certain vector
space — namely, the second Hochschild cohomology — to parametrize local (first order)
deformations. The issue is that, in general, there are not enough deformations to realize
the whole cohomology group. The defect is given by the so-called curved deformations,
which are objects that are very hard to study via classical homological methods; for this
reason, this is known as the curvature problem. What we propose in this thesis is a new
kind of (first order) deformation theory for triangulated categories; the explicit aim is to
realize the full Hochschild cohomology via infinitesimal deformations.

Consider the simple case of an algebra A over a field k; set k[e] = k[t]/(t?). At a basic
level, a first order deformation A, of A is given by deforming the multiplication of A into
the star product

a*b=ab+ep(a,b)

defined on the k[e]-module A ¢ ¢ A.

There are two ways to encode this. The first one is to say that A, is a (k[e]-flat) k[e]-
algebra with the property that the reduction

Ae ®k[e] k= As/tAs

is isomorphic to A. Equivalently, one could impose the existence of the short exact
sequence (rather, square-zero extension)

0>A—A. - A—0.

For algebras, these two conditions are easily seen to be equivalent. The classical definition
of deformation for triangulated categories is a more or less straightforward extension of
the first condition: one defines a (classical) deformation of a k-linear triangulated category
C to be some k[e]-linear category C. which reduces appropriately to C. In Chapter 4 we
define a new notion of deformation (categorical deformation) for a triangulated category,
which is instead inspired by the second characterization. It turns out that, for categories,
the two definitions do mot coincide. The advantage of this new notion is that one can
show that there exist exactly as many categorical deformations as one would expect —
in this new setting, the curvature problem disappears. Of course, introducing a new
notion brings its own problems. Namely, if A, is a deformation of an algebra A, the
derived category D(A.) is a classical deformation — and not a categorical deformation —
of D(A); to obtain a categorical deformation, one needs to appropriately “blow-up” the
derived category D(A.). This is the content of the other main part of this thesis, and is
developed in Chapter 3: given a deformation A, of an algebra A, we introduce a “filtered
derived category” D!(A.) which — unlike D(A.) — is a categorical deformation of D(A).
This has the advantage of being well-defined also for so-called curved deformations of dg
algebras, for which classical derived categories are unavailable. These two constructions
fit together to form a particularly nice picture: given any deformation A. of an algebra
A, the category D!(A.) is a categorical deformation of D(A) which corresponds to the
same cohomology class induced by the deformation A, (Theorem 5.3.2).
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1.1 Overview of the problem

In this section we give a more detailed, but hopefully still accessible, introduction to the
problem. As before, let k be a field and denote with k[e] the ring of dual numbers k[t]/(t);
unless otherwise stated, all deformations are assumed to be first order deformations,
i.e. over klg]. A nice introduction to our main question comes from the deformation
theory of abelian categories, introduced in [LVdB06; LvdB05]. Indeed, abelian categories
can be considered as a (more elementary) model for noncommutative schemes [SVdBO01].
Consider an algebra A over a field k, and a first order algebra deformation A, of A. Then
the abelian category Mod A. of right A.-modules is a deformation, in an appropriate
sense, of the abelian category Mod A; this assignment defines a bijection

Def 4 (k[e]) 5 Defihg a (Kle])

between the sets of abelian deformations of Mod A and the set of algebra deformations
of A, both up to equivalence. Moreover algebra deformations of A are parametrized
by the second Hochschild cohomology HH2(A), and deformations of Mod A as an abelian
category are parametrized by the second Hochschild cohomology HHib(Mod A). Using the
existence of a natural isomorphism HH(A) — HH,,(Mod A), one can show the existence
of a commutative diagram of bijections

Def 4 (k[e]) ——— HH?*(A)

l l (1.1)

Def2p ;4 (k[e]) —— HHZ, (Mod A)

where the left arrow associates to a deformation A, its abelian category of right modules.

Once the abelian theory was settled, a very natural question became whether and how that
generalizes to the derived setting. A priori, one would expect the theory to admit a fairly
straightforward extension. If one substitutes the algebra A for a dg algebra (denoted
again with A), there is a natural notion of Hochschild cohomology for both A and its
(enhanced) derived category D(A); moreover, there exists a natural quasi-isomorphism
C*(A) X8 C*(D(A)) between the Hochschild complexes [Low08]. The ideal situation
would hence be to have, as in the abelian case, a square of bijections

Def 4 (k[e]) ———— HH?(A)

| Jxa

Def5% (k[e]) —— HH?(D(A)),

where we have denoted with Def 4(k[e]) the set of dg algebra deformations of A and with
Defgi&)(k[s]) the set of deformations of D(A) as a triangulated category. In particular,
the left arrow should be defined by assigning to a deformation A. its derived category
D(A.). Tt was however soon observed that, at least in the naive sense, this picture could
not hold.
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1.1.1 The Hochschild complex and curved deformations

In the most basic sense, a (first order) deformation of an algebra A is an algebra structure
on A®y kle] &2 Ad@eA which reduces to A once the action of ¢ € k[e] is quotiented out. In
the case of k-algebra A, the relationship between Hochschild 2-cocycles and deformations
is transparent: an element ;1 € C?(A) corresponds to a certain map p € Homy (A®y A, A)
which defines a deformation of A by deforming infinitesimally the multiplication map. If
A is instead a dg algebra, then its Hochschild complex C*(A) is defined as the product
totalization of the bicomplex

C™™(A) = Hom} (A®™, A)
and a 2-cocycle u € C?(A) is given by a family
{witicon...., pi € Homj "(A®% A).

In the case where the only nonzero components are pq1 and po, then one can still interpret
the deformed object as a dg algebra; the multiplication m gets deformed into the star
product m. = m + tug, while the differential d gets deformed to d. = d + tpu;. The
condition du = 0 then guarantees that the deformed object is still an (associative) dg
algebra. However, as soon as a nonzero component po € A? is present, the just defined
deformed object is not a dg algebra anymore; the deformed differential d. stops squaring
to zero and A gets deformed into a curved algebra, a notion first introduced in [Pos93]
in the context of Koszul duality. In the case where higher components p; for i > 2, are
present, those induce infinitesimal operations that make the deformation A. into a cA
(curved As) algebra, a homotopical version of cdg algebras. Indeed, one verifies directly
that there is a natural bijection between the set of Hochschild 2-cocyles and the set of
cAoo deformations of a dg algebra [Low08].

This already leads to several issues: crucially, since the square of the differential of (mod-
ules) a curved algebra is not zero, there is no meaningful notion of derived category as-
sociated to it. This is significant, among other things, when trying to establish anything
resembling the square (1.1); if a deformation induced by a certain Hochschild class has
no associated derived category, then we have no way to construct from it a deformation
of D(A). Several objects approximating a notion of “derived category” for curved alge-
bras have been constructed; most notably, the semiderived category and various derived
categories of the second kind of Positselski, introduced in [Posl1; Pos18]. Despite these
finding several applications in Koszul duality, they were shown in [KLN10] to vanish for
certain deformations of dg algebras (see Example 3.2.2); hence, for deformation-theoretic
applications a different type of invariant must be considered.

1.1.2 Morita deformations

It follows from the discussion above that, on the surface, dg deformations — deformations of
a dg algebra that are still dg algebras — only capture a very small part of the Hochschild
complex; that is, only the cocycles with u; = 0 for ¢ # 1,2. The cocycles with 0-
ary component give rise to curved deformations, and those with higher components to
(curved, if g is also nonzero) A, deformations. The situation improves significantly by
considering a somewhat more general notion of deformation. Recall that if A, B are dg
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algebras, a dg A-B bimodule X is said to be a (derived) Morita equivalence if it induces
equivalences between the respective derived categories. By the main result of [Kel03] any
Morita A-B bimodule induces an equivalence between the Hochschild complexes C®(A)
and C*®(B); hence, this procedure allows to “transfer” a deformation of A to B and
vice versa. Crucially, this equivalence does mot preserve the product decomposition of
the Hochschild complex. This means that one could have a curved deformation of A
which, when transferred to B, corresponds to an uncurved deformation; similarly, (¢) Ao
deformations can correspond to (¢)dg deformations. In [KL09], Keller and Lowen defined
a Morita deformation of A as a dg deformation B, of an algebra B equipped with an A-B
Morita bimodule. Considering this wider class of deformations, one can indeed realize
many more Hochschild classes via dg deformations. In [KL09], a natural map

v: Def°(k[e]) — HH?(A)

was defined from the set of Morita deformations of an algebra to its second Hochschild
cohomology by assigning to a Morita deformation B, the class obtained by transfer from
the relevant class in HHQ(B). This already allows for a significant simplification: any class
defining an A, deformation can be obtained now as the image of a (dg, by definition)
Morita deformation?. One might hope this to also work with curved deformations so that,
up to changing the algebra A to a Morita equivalent one, every Hochschild class could
be realized by a dg deformation. This was found not to be the case. Indeed, without
further hypotheses, the map v is neither injective nor, crucially, surjective; there exist
explicit examples of Hochschild classes that cannot be produced via uncurved deforma-
tions, even after changing Morita representative. Hence, in a way, curved deformations
are inescapable.

1.1.3 Deformations of triangulated categories

Up until this point we have only focused on the upper arrow of the diagram (1.1), and
we have made no reference to what a deformation of a triangulated category ought to be.
This is no coincidence, as the notion of deformation of a triangulated category is quite
subtle. The classical way of looking at this question aims at abstracting the fact that a
deformation over the ring k[e] of an algebraic object X corresponds to a k[e]-linear object
X., reducing appropriately to X modulo ¢. For (enhanced, triangulated) categories, there
are at least two meaningful notions of reduction; either the derived tensor product

— ®I,;[E] k: kle]-Cat — k-Cat

or the derived Hom
R Homy, (k, —): k[e]-Cat — k-Cat .

One can then define a deformation of a k-linear triangulated category T as a lift of 7 along
either functor. Deformations using the first functor were considered by Lurie [Lurll] and
incorporated in the general theory of formal moduli problems (that is, abstract defor-
mation functors) [BKP18]. Deformations via the second functor were first considered by
Lowen [Low08] in analogy with the abelian case [LVdBO06], and then studied in more de-
tail by Lowen-Van den Bergh and collaborators [GLVdB21; GLSVdB24]. In the following
we will not distinguish between these two notions of deformations, calling both of them

2As is common in the setting of Ao, structures, any Ao deformation can be rectified to a dg one.
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classical deformations; in fact, despite — to the best of our knowledge — this not being
explicitly discussed in the literature, it is reasonable that the two reduction functors (and
hence, the two notions of deformations) are actually equivalent.

Classical deformation theory interacts well with classical derived categories, in the sense
that if A, is a dg deformation of a dg algebra A, its derived category D(A.) is a classical
deformation of D(A). However, in general, this does not lead to a well-behaved theory.
At a formal level, the issue is that the functor that associates to a base ring R the
set (really, space) of R-deformations of a category is not a deformation functor®, and
does not satisfy the formal properties that these functors usually enjoy. The conceptual
issue is the same as for the case of algebras: the object that should (morally, but also
technically in a sense that is made precise in [Lurl1]) control the deformation theory of a
category is its Hochschild complex. This however also contains curved deformations, and
a curved deformation of an (enhanced) triangulated category is not in any natural way
a triangulated category; while in the algebra case a curved deformation of a dg algebra
is still, if anything, an algebra, a curved deformation of a category has no meaningful
homotopical interpretation. This is hence another instance of the curvature problem.

1.1.4 The curvature problem

We can thus summarize the curvature problem into the following two (related) statements:

1. If A is a dg algebra, its Hochschild complex contains certain curved deformations;
since those do not have a natural notion of (classical) derived category associated
to them, there is no clear way to associate to a curved deformation of A a classical
deformation of D(A).

2. If T is a triangulated category, its classical deformations do not span the whole
Hochschild complex.

There exist several approaches to this issue in the literature; those usually focus on finding
more or less strict hypotheses on either the base or the object being deformed under which
classical deformations do suffice to span the whole Hochschild complex; see for example
[LVdB15; BKP18; Hai24] for the case of formal deformations of appropriately right-
bounded objects, [LVdB12] for the case of schemes and [GLSVdB24] for deformations of dg
categories with a nice t-structure. Concretely, in these approaches one somehow manages
to find noncurved representatives for the relevant Hochschild classes. Nonetheless, it is
known [KL09] that these nice results cannot hold unconditionally.

In the present work, we take a different approach. The principle here is to try to consider
curved and uncurved deformations on the same level, which leads to defining a “derived
category” of a deformation that is defined for curved and uncurved deformations alike.
This in turn inspires a novel notion of categorical deformation for triangulated categories,
allowing us to settle the curvature problem at least for first order deformations.

3We use the terms deformation functor and formal moduli problem interchangeably; the first is char-
acteristic of the classical literature, while the second comes from the higher categorical treatment from
[Lurll].
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1.2 Content of the thesis

The thesis contains two main parts. In the first part, after introducing the needed back-
ground (Chapter 2), a categorical invariant of an arbitrary curved algebra deformation
is constructed — called its n-derived category — and several formal properties are shown
(Chapter 3). Then, in the second part, (Chapters 4 and 5) a notion of first order defor-
mation for an enhanced dg category is developed; this is shown to have several desirable
properties, and to encompass the case of the n-derived category (for n = 1) as a paradig-
matic example.

1.2.1 The n-derived category

Let A be a dg algebra over k, and let A,, be a curved deformation of A over R, =
k[t]/(t"T1); denote with ¢ € A,, its curvature. Since for any cdg A,-module M the square
d%; of the (pre)differential equals the action of ¢, in general curved modules have no
cohomology. However, A, is still a deformation of A and, in particular, its curvature
must vanish modulo ¢; hence, ¢ € tA,. It follows that d%;(M) C tM and the graded
pieces t* M /t**1 M are all complexes. We thus define the n-derived category D™(A,,) as
the quotient of the homotopy category of A,-modules by the modules for which all graded
pieces are acyclic. This category turns out be as well-behaved as one could hope. The
first result we prove is the following (see Theorem 3.2.5 and Theorem 3.5.7 in the text):

Theorem 1.2.1. The category D™(A,,) is compactly generated and allows for a semiorthog-
onal decomposition into n + 1 copies of D(A).

This is obtained by describing n+ 1 explicit compact generators; the construction is quite
similar, but a bit more general, to one that appeared in [LVdB15]. We use the existence
of these generators to show (Theorem 3.4.3) that if A,, and B,, are cdg deformations of dg
algebras A, B, then an A,-B,, bimodule X,, induces an equivalence D"(A4,) — D"(B,)
if and only if the induced A-B bimodule X = X,, ®g, k is a Morita bimodule — that is,
induces an equivalence D(A) — D(B).

The semiorthogonal decomposition in Theorem 1.2.1 gives rise to a recollement (see the
remark after Proposition 3.5.5)

N

D" 1(A4,_1) <= D"(A,) =Y D(A) (1.2)
in which the essential image of ¢,, is given by the A,,-modules M for which t" M is acyclic.

In the case where the deformation A, has no curvature and one can speak of the classi-
cal derived category, we show the following relation between the classical and n-derived
category (Corollary 3.1.10):

Theorem 1.2.2. There exists a localization functor

D"(A,) — D(A,)
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admitting both a left and a right adjoint.

As a corollary, we obtain the existence of a fully faithful functor D(A,,) < D"(A,).

The category of A,-modules allows for an explicit construction of semifree (and a fortiori
n-homotopy projective) resolutions (see Section 3.3), and in fact has a “projective” model
structure (see Section 3.7). These results are obtained along the lines of [Kel94] and
[CHO2] respectively. It also has homotopy injective resolutions, the construction of which
is detailed in the Section 3.9.

In 3.8, we extend most of our results to the formal setting of a curved k[[t]]-deformation
A; of A by introducing the t-derived category of torsion modules Dt(At)tor (Definition
3.8.4), which constitutes an co-categorical colimit of the n-derived categories.

The final goal of this section is to compare our constructions with Positselski’s semiderived
category. We show (Corollaries 3.6.8 and 3.8.6):

Theorem 1.2.3. There are admissible embeddings D¥(A,) — D™(A,) in the infinitesi-
mal setting, and a left admissible embedding D31 ( A®) — Dlt(At)tor in the formal setting.

It is a natural question to ask how the definition of the n-derived category generalizes to
deformations over local artinian rings which have dimension higher than 1. The obvious
proposal is to simply quotient out from the homotopy category the modules which are
filtered acyclic; in the local artinian setting, this corresponds to considering the m-adic
filtration, where m is the maximal ideal. It turns out however that for most technical
results it is very important that the ideal defining the filtration is principal, and without
this assumption many arguments break down; hence to tackle the general case, different
techniques will be needed. Let us conclude with a technical point. In [KLN10], the
vanishing of several “derived” categories of cdg algebras was shown assuming only some
very basic axioms, key among which was the fact that any short exact sequence should
give rise to a triangle in the quotient. This is the property that we negate in order to
obtain a derived category that is guaranteed not to vanish. Indeed, in our case a short
exact sequence of A,-modules 0 - M — N — L — 0 is a triangle precisely when for all
i =1,...,n the induced sequence

M N L

BET VRS ARSTT AR

is exact. Vice versa, all triangles up to isomorphism are of this form.

1.2.2 Deformations of triangulated categories

The goal of Chapters 4 and 5 is to answer the question of in what sense the n-derived
category is a deformation of the category D(A); indeed, it does not appear to be a
classical deformation. In Section 3.3.9 we introduce a notion of categorical deformation
of an (enhanced) triangulated category, and show that (first order) deformations are
parametrized by the second Hochschild cohomology group; in Section 5 we show that the
1-derived category of a first order algebra deformation A. is a categorical deformation of
D(A), and investigate the corresponding Hochschild class. Since in this section we will
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only be interested in first order deformations, we will denote with A, a first order algebra
deformation, and with D¢(A.) its 1-derived category D'(A;).

The novel idea is to try to categorify the classical square zero extension
0—-A—A. - A—0

associated to a first order algebra deformation. Roughly speaking, a (first order) categori-
cal deformation of T consists of a triangulated category 7: together with two “extensions”:
a recollement

T T ET (1.3)

together with a Yoneda 2-extension of functors that can be informally depicted as

0EB3KA3QBE 0.

One can easily obtain a Hochschild class from such a deformation, by composing the latter
extension with the functor G and taking the associated class in

Exti(r 7 (EG, EG) 2 Exty, - 1 (id7,id7) = HH?(T).

Conversely, for an arbitrary Hochschild class in HH? (T) represented by
idT[—l] — idT[l]

the corresponding deformation 7; is constructed by gluing — in the sense of [KL12] — two
copies of T along the cone of the 2-class. Using this construction, one can show (Theorem
4.1.9):

Theorem 1.2.4. There exists a bijection between HH?(T) and the set CatDefr(k[e]) of
equivalence classes of categorical deformations of T .

We also show compatibility with the 1-derived category. In particular, recalling the
existence of the natural map

xa: HH(A) — HH(D(A)),
we show (Theorem 5.1.1):

Theorem 1.2.5. Let A be a dg algebra, and A. a cdg deformation of A corresponding to
a Hochschild cocycle s € C2(A). Then the category D(A.) is a categorical deformation
of D(A), and the class ppay(D°(A:)) € HH?(D(A)) coincides with xa(pa).

At this point, we prove a fact that until now has been implicitly assumed in this intro-
duction: if one allows for curved Morita deformations of a dg algebra A — that is, cdg
deformations B, of an algebra B equipped with a Morita equivalence with A — then
Morita deformations are indeed parametrized by Hochschild cohomology. More precisely,
we show (Theorem 5.2.1):
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Theorem 1.2.6. Let cDef 4(k[e]) denote the set of equivalence classes of curved Morita
deformations of a dg algebra A. There exists a bijection

v: cDef 4(k[e]) — HH?(A).

Here, the most subtle part is correctly defining what an equivalence of deformations ought
to look like, since the classical notions break down; this turns out to reduce to finding an
appropriate notion of cofibrancy for curved bimodules (see Definiton 5.2.2).

It should be pointed out that there is a qualitative difference between the curved defor-
mations of the base algebra A and the categorical deformations of its derived category
D(A); indeed, while the base algebra A might have deformations that are curved — and
thus live outside of the realm of classical homological algebra — a categorical deformation
of D(A) is always a triangulated category — by definition. This is one of the main novel-
ties of the notion of categorical deformation: given an arbitrary Hochschild cocycle, even
one that has nontrivial curvature component, our approach allows to construct a defor-
mation which is again a dg category. This situation makes sense from the perspective
of noncommutative algebraic geometry; a noncommutative space can be represented by
different algebraic models: small ones — for example, a dg algebra — and large ones — for
example, its derived category. The point is that small and large models have qualitatively
different deformation theories. While for a small model there is no escaping curvature
— there exist algebra deformations that are intrinsically curved — the large models offer
enough flexibility to realize every deformation without leaving the world of triangulated
categories. To obtain this, however, one must part with the idea that small models and
large models should correspond via classical (or, for that matter, second kind) derived
categories.

Finally, we can state and prove the main result of this thesis (Theorem 5.3.2).

Theorem 1.2.7. Let A be a dg algebra. Then for any curved deformations A: of A,
its 1-derived category is a categorical deformation of D(A) and there is a commutative
diagram of bijections

cDef 4 (k[e]) —~—— HH?(A)

Dl(_)l JXA (1.4)
CatDef p ) (k[e]) 225 HH?(D(A))

The existence of this diagram leads us to consider the curvature problem “solved” for first
order deformations.

After that, in Section 5.4 we discuss an interesting relation between categorical deforma-
tions and categorical resolution of singularities in the sense of [KL12]. The key observation
is that if 7 is a smooth dg category, then any deformation 7 is also smooth. Hence, if A,
is a deformation of a homologically smooth dg algebra A, its 1-derived category D(A) is
still smooth. On the other hand hand, even if A, has no curvature, the derived category
D(A;) is never smooth — essentially because of the nilpotent element ¢. Using Theorem
1.2.7, one can conclude that D!(A.) is a categorical resolution of singularities of D(A4,,),
in the sense that it is a smooth dg category that D(A,) embeds into. This leads to con-
sidering D®(A.) as a blowup of D(A.). Finally, in Chapter 6 we discuss some potential
future developments.
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Relation to other work

The content of this thesis is the (mostly disjoint) union of the three papers [LL24], [Leh24]
and [LL25]. The main differences lie in the order in which some of the topics are intro-
duced, as well as in some discussion that has been added. Specifically, the results of
Chapter 3 are contained in [LL24], and those of Chapters 4 and 5 are contained in [LL25].
The only exceptions are given by in Sections 3.4 and 5.2, which are instead contained in
[Leh24].
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Background

We begin by recalling all the technical tools that will be used throughout the text, as
well as by fixing some notation. Nothing in this chapter is particularly new. The only
sections that are not entirely recollections of known facts are Section 2.1.4 which deals with
Yoneda extensions in triangulated categories and Section 2.3.3, which defines recollements
of quasi-functors.

Conventions. All graded objects are assumed to be graded by the integers; we employ
cohomological grading, i.e. differentials increase the degree. All rings and algebras are
associative and unital. If C is a dg category, we will denote by Z°C it’s underlying category,
and with H°C its homotopy category; the complex of morphisms in the category C will
be denoted Home(X,Y); in the case of modules over an algebra, we will denote with
Hom 4 (M, N) the complex of morphisms from M to N. If T is a triangulated category
linear over a ring R, the notation Hom(X,Y") will denote the R-module of morphisms in
T. At times, we will also use the notation Ext’-(A, B) to signify Homy (A, B[n]). We will
denote with k a fixed base field, and with k[e] the k-algebra k[t]/(t?). Unless otherwise
specified, deformation will mean infinitesimal first order deformation, i.e. deformation
over kle].

2.1 Triangulated categories and derived categories

We assume the reader is familiar with the basic notions and properties of triangulated
categories. In this section we give some relevant definitions and list the results that will
be explicitly cited later in the text.

2.1.1 Localizations of triangulated categories

Let 7 be a triangulated category admitting small coproducts and S C 7T a thick sub-
category, i.e. a triangulated subcategory closed under retracts. The subcategory 1S is
defined as the full subcategory of all objects X such that Hom7(X,Y) =0 for all Y € S;
analogously, S+ C T is given by the objects Y for which Hom+(X,Y) =0 for all X € S.
We will denote by 7 /S the Verdier quotient of 7 by §. The following result is classical,
see for example [Kra09, Lemma 4.8.1, Proposition 4.9.1] for a proof.

13
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Proposition 2.1.1. Let X,Y € T. If either X € *S or Y € S*, then the natural map
Hom7(X,Y) — Homy,s(X,Y)
s an isomorphism. Moreover, the following are equivalent:
e The quotient functor T — T /S admits a left adjoint, which is automatically fully
faithful;
o for any X € T, there exists a triangle in T
P—-X—S— P[]

with P € *S and S € S.

e The composition

ST =T/S

s an equivalence.

The left adjoint to the quotient functor is constructed by associating to the object X the
object P as per the triangle above. As a consequence of this construction, the essential
image of the left adjoint is the subcategory *S C 7. The dual statement about the
existence of a right adjoint also holds with S in place of =S and the arrows in the
triangle reversed.

2.1.2 Semiorthogonal decompositions

A semiorthogonal decomposition

T = (So0,S1)

of a triangulated category T is by definition given by a pair of triangulated subcategories
So,S1 € T such that Homy(S7,S0) = 0 for all Sy € Sy and S; € S; and such that for
every X € T there exists a triangle

S —= X — Sy — S1[1]

with Sy € Sp and S; € Sy; the definition generalizes straightforwardly to decompositions
having more that one factor. A triangulated subcategory & C T is said to be left ad-
missible if the inclusion admits a left adjoint, right admissible if the inclusion admits a
right adjoint and admissible if it is both left and right admissible; any right admissible
subcategory S defines a semiorthogonal decomposition

T =(84,S)

and dually for left admissible subcategories.
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2.1.3 Compactly generated triangulated categories

If 7 is a triangulated category admitting small coproducts, an object C € T is said to
be compact if 7(C,—) commutes with small coproducts. The category T is said to be
compactly generated if there exists a set C C T of compact objects generating T, i.e. such
that for all X € 7 one has

X =0< Homy(C[n],S)=0for alln € Z and all C € C.

A triangulated subcategory is said to be localizing if it is closed under small coproducts.
It can be proven ([SS03, Lemma 2.2.1]) that, provided that C C T is composed of compact
objects, the condition that C generates T is equivalent to the fact that 7 coincides with
the minimal localizing subcategory containing C.

2.1.4 Yoneda extensions in triangulated categories
Let 7 be a triangulated category. For future use, we will employ the notation Ext" (A, B)
to denote the k-module of morphisms in 7 from A to B[n].

Definition 2.1.2. An (Yoneda) n-extension € from A to B consists of n exact triangles
C; > E;, — Ci-i—l — Cz[l] (21)

fori = 0,...,n—1 with Cy = B and C,, = A. The splicing sequence of the given
n-extension is the resulting sequence of morphisms

o(E)=(0—B—Ey—E —-—E,_1 > A—0). (2.2)

For another n-extension &' = (C! — E! — Ciy1 — CI[1]), a morphism of n-extensions
E — &' consists of maps ¢; : C; — C{ and f; : E; — E. with go = 15, g, = 14 inducing
morphisms of all the relevant triangles.

An n-extension E = (C; — E; — Ci11 — C;[1]) determines n connecting morphisms
vi: Cip1 — Cy[1]. (2.3)
The FExt-class of £ is by definition the composition
o(&) =poln—1]p1[n—2]...¢on—1: A— Bln]. (2.4)
Let Exty (A, B) denote the set of n-extensions from A to B. Consider the map
¢ Exty (A, B) = Ext"(A, B) : £ — ¢(£). (2.5)

The map ¢ is readily seen to be surjective, as in fact any factorization of a morphism
A — Bin| into an n-simplex as in (2.4) allows for the construction of a corresponding
pre-image.

Proposition 2.1.3. Consider n-extensions £, £’ from A to B. If there exists a morphism
E — &', then we have (&) = p(&').
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Proof. This easily follows from the definition of ¢ and the requirement that a morphism
fixes both A and B. O

Remark. Let ¥"(A, B) denote the set of sequences of shape (2.2) in which the composition
of every two consecutive maps is zero. Unlike in the familiar case of extensions in an
abelian category, the map o : Exty- (A, B) — X"(A, B) is in general neither surjective nor
injective, due to the fact that cones are merely weak cokernels and the map towards the
cone fails to be an epimorphism in general.

2.1.5 Derived categories of dg algebras

Let A be a dg algebra. We will denote by Mod A the dg category of right A-modules and
with Hot(A) the homotopy category H°(Mod A). The category Hot(A) has the structure
of a triangulated category, with triangles given by graded split short exact sequences i.e.
short exact sequence that split as sequences of graded A-modules. The derived category
D(A) is the quotient of Hot(A) by the subcategory Ac C Hot(A) given by the acyclic A-
modules. An A-module M is said to be homotopy projective if it lies in ~Ac and homotopy
injective if it lies in Ac’; the quotient Hot(A) — D(A) admits both a left adjoint p and
a right adjoint i which are fully faithful and whose essential images are given respectively
by the homotopy projective and homotopy injective modules. The derived category is
always compactly generated; we include the elementary proof of this fact since it will
serve as a blueprint for the proof in the curved case.

Proposition 2.1.4. The free module A € Mod A is a homotopy projective compact gen-
erator of D(A).

Proof. Recall the isomorphism
Homa (A, M) = M
for any A-module M; if M is acyclic it’s clear that
Hompop(ay(Aln], M) = H "M =0

so A is homotopy projective and Hompgg(a)(A, —) computes Homp(4)(A, —). Therefore,
if M is such that Hompa)(A[n], M) for all n, it follows that

Homyyop(a)(A[n], M) = H "M =0

and M is acyclic. Finally, A is compact since taking cohomology commutes with coprod-
ucts. O

Let A, B be dg algebras and X a dg A-B bimodule. The bimodule X induces an adjunc-

tions
Homp(X,—)
Mod A =—— Mod B.
—®aX
The functors Homp (X, —) and — ® 4 X can be derived by precomposing respectively with
the functors i and p, giving rise to an adjoint pair

R Homp(X,—)

D(A) == D(B). (2.6)
_®I:‘X
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The bimodule X is said to be a (derived) Morita equivalence if the adjunction (2.6) is an
equivalence.

2.1.6 On enhancements

We will work with a specific model for the (enhanced) derived category D(A), given by
the category Tw(A) of (one-sided) twisted complexes. An object of this category is given
by an ordinal I and a pair

M = (®icrAlng, { fij }ijer)

where f;; € Aln; — n;] have the property that f;; = 0 for i < j and df + f = 0 (see
e.g. [BLL04; Low08] for more details). The Hom-complex between two twisted object is
given by the appropriate space of matrices, with twisted differential. The object M can
be seen as the graded A-module ®;A[n;] with differential given by d + f. There exists a
fully faithful totalization dg functor

Tw(A) — Mod A

which sends a twisted complex to the just described A-module. Its essential image is
given by the semi-free A-modules, hence Tw(A) gives a dg enhancement of D(A). In the
following, we will not distinguish between D(A) and its enhancement Tw(A).

2.2 Curved algebras and deformations

We can now introduce one of the central objects in this thesis: curved algebras and, more
specifically, curved deformations of dg algebras.

2.2.1 Curved algebras

Let R be a commutative ring.

Definition 2.2.1 ([Pos18]). A cdg algebra A over R is given by a graded R-algebra A%
equipped with a derivation d4 € Hompg(A%, A*) of degree 1 and an element ¢ € A2 such
that d4(c) =0 and d% = [c, —].

The derivation d4 is called predifferential and the element ¢ curvature of the algebra.
Any dg algebra is in a natural way a cdg algebra by letting ¢ = 0.

Definition 2.2.2. A left cdg module over a cdg algebra A is a graded left A#-module
M# equipped with an A-derivation dy; € Homp(M#, M#)! such that d2,m = em for
all m € M. A right cdg A-module is a right graded A#-module N with a derivation
dy € Hompg(N, N)! such that d3n = —nc for all n € N. If B is another cdg algebra, a
cdg A-B bimodule X is a graded A#-B# bimodule X# equipped with a degree 1 map
dx: X# — X7 compatible with the differentials of A and B and with the property that
d%x = caz — xeg for all v € X.
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Crucially, as soon as the curvature is not zero, the algebra is not a module over itself;
the nonexistence of free modules is one of the main features of our categories of curved
modules.

Definition 2.2.3. If M and N are cdg A-modules, the complex Hom4(M,N) of A-
linear morphisms is defined in the same way as the complex of morphisms between dg
modules: it has in degree n the R-module of A#-module morphisms of degree n, and
for f € Hom4(M, N)™ differential defined as (df)m = dy(fm) — (=1)"f(dprm). Even
if M and N are not themselves complexes, the space of morphisms is one (i.e. satisfies
d*> = 0). The dg category Mod A has as objects the cdg right A-modules and the just
defined complex of morphisms as hom-complex; composition is defined in the obvious
way. The same definitions work for right modules, giving rise to the dg category .4 Mod
of left cdg A-modules.

To simplify the notation, we write Hom 4 (M, N) instead of Hompjoq 4(X,Y") for the com-
plex of morphisms inside the dg category Mod .A. From now on, all modules, unless
otherwise specified, will be assumed to be right modules.

Example 2.2.1 (Matrix factorizations). Let A be any R-algebra and f an element in its
center. Consider the graded algebra A[u,u~!] with u in degree 2; this can be made into
a cdg algebra B with zero differential and curvature cg = fu. Then by definition, a cdg
B-module M is given by a 2-periodic graded object

%Mod#Mld%Modng%

such that d;d; = fidas,. These are the objects that are usually called matriz factorizations
for f, with the caveat that the modules appearing in matrix factorizations are usually
assumed to be projective. For more about this construction, see e.g. [Dycll] or [EP15]
for the geometric case.

The category Mod A is a pretriangulated dg category; we will denote by Hot(A) the
triangulated category H°(Mod .A). Like in the classical case, triangles in Hot(.A) are the
short exact sequences that split at the graded level.

2.2.2 Deformations

Let A be a dg algebra over k. Denote by R, the commutative k-algebra k[t]/(t"T1).

Definition 2.2.4. A cdg deformation A, of A of order n is the datum of a structure of
a cdg algebra on the R,-module A ®; R, = A[t]/(#"*!) which reduces modulo t to the
dg algebra structure of A.

Alternatively, as usual one may define a cdg deformation of A of order n to be an R,,-free
cdg algebra A,, equipped with a dg algebra isomorphism A,, ®g, k = A. For our purposes
the slightly more restrictive definition we gave suffices, but everything we show can be
readily carried over to the more general setting.

Remark. Usually in deformation theory one considers deformations over arbitrary local
artinian algebras, of which the algebras R,, are one example. However the general case
makes the theory developed in this paper become significantly more complicated, and we
will limit ourselves to the already interesting case of R,,.
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We will denote by ¢ the curvature of A,, and with d4, its predifferential. The multipli-
cation of A, will be denoted with the juxtaposition.

Some adjunctions

For all 0 < m < n, denote by A,, the R,,-algebra
_An
tmt1lA,’

where the R,-action on R,, is defined via the natural surjection R,, — R,,; we will say
that A,, is the deformation of order m of A induced by A,.

An ®Rn Rm =

The surjection R,, — R,, induces a surjection A, — A,,, defining via restriction of scalars
the fully faithful functor
F: ModA,, — ModA,.

This has a left adjoint
Coker t™1: Mod A4,, — Mod 4,

M — = A, ®a, M

M
tm+1 )N
and a right adjoint

Kert™: Mod A,, — Mod A4,,
M — Ker t}\'}fl = Homy,, (A, M),

where we have denoted with t,; the action of ¢ on M.

2.3 Higher categories and quasi-functors

We now turn to the higher categorical aspects of the theory. We employ the model
of dg categories, for which we refer the reader to [Kel06] for the basic notions. When
we talk about enhanced triangulated categories, we will always mean pretriangulated dg
categories. As models for co-functors between dg categories we use quasi-functors; Recall
that if A, B are dg categories, a quasi-functor is an object X € D(A°P ® B) which is
right quasi-representable, i.e. such that for every A € A, the element X (—, A) is quasi-
isomorphic to a representable B-module; a quasi-functor is said to be a quasi-equivalence
if it admits an inverse; this is equivalent to inducing an equivalence between the respective
homotopy categories.

Quasi-functors will play a crucial role in Chapter 4, where we will use several constructions
involving them; we list here some of those, as well as some of the relevant properties.

2.3.1 General operations

Despite quasi-functors not being literal functors, we will still use classical category-

theoretical notations for various constructions. For simplicity, we will write A 5 Bto
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denote a quasi-functor F' € D(A°? ® B). Let A, B,C be dg categories. Given two quasi-

functors A S B and B 5 ¢ , their composition G ®% F will be denoted with F'G. Given
F,.G:B—C, M,N: A— B, f € Hompsergr) (M, N) and n € Hompgerg c)(F, G), we
will denote with nM the morphism idy; @™y € Homp(aerg c)(FM,GN) and with F f the
morphism f ®@"idr € Hompaerg cy(FM,GN). This is compatible with the classical use,
as the following lemma shows.

Lemma 2.3.1. The diagram

commutes.

Proof. Writing down the definitions, both compositions are seen to equal f @ 1. O

2.3.2 Adjunctions

We will use extensively the notion of adjunction of quasi-functors, see [Genl7]. Given

two quasi-functors A 5 B and B % A, we will say [Genl?7, Definition 6.2] that F is left
adjoint to G if there exist two morphisms id4 — FG in D(A°°? ® A) and GF — idg in
D(B°P ® B) satisfying the usual unit-counit equation in the appropriate derived category.
We will frequently need the following statement, which is straightforward to prove:

Proposition 2.3.2. Let A, B,C be dg categories and A 5 Ba quasi-functor with right
adjoint G. Let C M A and ¢ 5 B. There is a natural isomorphism

HOmD(Cop®B) (FM, N) = HOmD(Cop®A) (M, GN)

Note that it follows from [DKSS24] that this notion of adjunction is compatible with the
one for the associated oco-functors between stable co-categories.

2.3.3 Recollements of quasi-functors

Let A, B be pretriangulated dg categories. A categorical extension of A by B, or recolle-
ment, is a dg category C equipped with two quasi-functors

AbcERB

satisfying the following conditions:

1. The composition F o ¢ vanishes;

2. The quasi-functor ¢ admits a left adjoint () and a right adjoint K; the quasi-functor
E admits a left adjoint G. The adjunctions are induced by units

ide %4Q, ide % EG, id4 — Ki
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and counits
Qi —idy, iK 5 ide, GE S ide .

3. The transformations
idy — Ki, Qi — id4 and ide 5 EG

are isomorphisms in the appropriate derived categories; this corresponds to the
statement that ¢ and G are homotopically fully faithful.

4. The square

GE —5 5 ide

|

0 — i@
is homotopy cartesian in D(C°P? ® C), i.e. there exists a natural transformation
1Q 2 GE[1] fitting into a triangle
I q . 3]
GE = id¢ — iQ — GE[1];
this corresponds to the classical fact that any object of C can be obtained as an

extension of an object of A by an object of B.

If these conditions are satisfied, then I also admits a right adjoint, which we will leave
unlabeled. Pictorially, we draw

Remark. Tt is easy to show that a recollement of quasi-functors gives rise to a semiorthog-
onal decomposition
HYC = (H"iA, H'GB)

of the homotopy category; conditions (1) and (2) imply that the two subcategories are
indeed semiorthogonal, while condition (4) implies that any object of H°C can be obtained
as the cone of a morphism from an object of iA to one of GB.

Proposition 2.3.3. There exists a natural transformation K = Q fitting into a triangle

KGES K % Q2% KGE[).

Proof. Apply the functor K to the triangle
GE S ide %iQ 2 GE[);

and use that KiQ = K . O

We will use the natural transformation « in the definition of categorical deformation.
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2.3.4 Gluing dg categories

We now recall some constructions which allow, given two dg categories and a quasi-functor
between them, to construct an explicit recollement; for more details, see [KL12, Section
4.1], or [CDW24] for a treatment in terms of co-categories. Let A, B be pretriangulated
dg categories and ¢ a B-A right quasi-representable bimodule. The category A x4 B has
as objects the triples (M;, My, n) with My € A, My € B and n € ¢(Ms, M;) a closed
degree 0 element. The Hom-complexes are given by

Hom 4 ,5((My, Mz, n), (N1, Na,n')) = Hom4 (M1, N1) & Homp(Ma, Na) @ ¢[—1]

with differential
d(f1, f2, fo1) = (df1,df2, —dfar +n'f1 — fan).

The category A x4 B is pretriangulated and comes equipped with several functors:

e Two embeddings

i:A—>.A><¢B
M — (M,0,0)
and
G:B—=AxyB
M — (0,M,0)
o A left adjoint
Q: AX¢B*>A

(M, Ma,n) — M,
to ¢ and a right adjoint

E:AxyB— B
(M17M270) — M2

to G}
e A right adjoint to 4

K: A X B — Mod A
(My, Ma,n) — Cone(n)[—1].

where we have used the Yoneda Lemma to see n as a map hy;, — ¢(Ma, —).

The functors i, G, Q, E are honest dg functors while in principle K is only a bimodule; one
can however show that it is always a quasi-functor. These functors satisfy the identities

Qi=Ki=idy, EG=idg, QG =0, KG = ¢[—1], Ei = 0. (2.7)

Note that the first two identities are induced by the (co)units of the respective adjunctions,
expressing the fact the the (co)unit isomorphism is the identity.
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Proposition 2.3.4. The functors above fit into a recollement

K G
N TN
A— AxyB L5 B.

NN

Proof. As already observed, the composition i F is the zero functor and the functors i and
G are fully faithful. Hence we are only left with showing the existence of the required
triangle. For this, observe that

GE(M17M27n) = (07M270)a iQ(MlvM%n) = (Mlvoao)

and the natural transformations GE ide and ide % iQ are given by the obvious maps.
There is a natural transformation i) 2 GE [1] given by

Oy My m): (M1,0,0) O (0, M,[1],0)
which we claim fits into a triangle
GE 5 idax,s % iQ % GE[).
To see this, one uses the description of cones in A x4 B from [KL12, Lemma 4.3]. Indeed,

it is straightforward to check that the cone of 9[—1] is isomorphic the identity functor,
and that the natural transformations £ and ¢ correspond to the canonical maps

GE — Cone(9[—1]) — iQ.

Like in the general case, we also obtain a (canonical) triangle
K%Q% KGEN 2 K[1
which, since KG[1] = ¢, is the same thing as a triangle

K3%Q% 82 K1) (2.8)
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3

The n-derived category

This chapter contains the first significant results of the thesis. Given a curved deforma-
tion A, of a dg-algebra A, we construct (Section 3.1) the n-derived category D™(A,)
as the quotient of the homotopy category of cdg A,-modules by the modules which are
filtered acyclic with respect to the t-adic filtration. We prove that this is a cofibrantly
generated triangulated category (Section 3.2) which admits projective (Section 3.3) and
injective (Section 3.3.2) resolutions; we also show (Section 3.4) that a bimodule X, in-
duces an equivalence of n-derived categories if and only if its reduction X ®y k is a
Morita equivalence. The main result (Section 3.5) of this chapter is the fact that the
n-derived category admits a semiorthogonal decomposition into n + 1 copies of D(A). In
Section 3.6, we compare our construction with the ones from [Pos18], establishing Posit-
selski’s semiderived category as an admissible subcategory of D™(A,,); we also (Section
3.7) describe a model structure presenting the n-derived category. Finally in Section 3.8,
we study the case of a formal deformation.

3.1 The n-derived category

In this section we define the n-derived category of a deformation, and prove some elemen-
tary results about them.

3.1.1 Construction of the n-derived category

Let A be a dg algebra over k and A,, a cdg deformation. Given a cdg A,-module M, we
can define both the ¢-adic filtration

0o=t"""MCt"MC...CtMCM
and the K-filtration
0C Kerty C...CKerthy; C Kert’jjl =M.

Since ¢ € tA,, we have that d3,;(t'M) C "1 M so the successive quotients with respect
to the t-adic filtration have induced predifferentials squaring to zero i.e. are actual com-
plexes; since tKert!, C Ker tﬁgl, the same is true for the K-filtration. We will write
Gr; (M) for the associated graded with respect to the ¢-adic filtration, and Grg (M) for

25
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that with respect to the K-filtration; by the above discussion Gr;(M) and Grg (M) are
complexes even when M is not. Moreover since %, is a morphism of A,-modules, t!M
and Kerti, are themselves A,-modules. Then, since ¢); annihilates the graded pieces
of either filtration, the A,-module structure on those reduces to a natural A-module
structure defining thus functors

Grg(—),Gry(—): Mod A,, — Mod A4;

Our notion of acyclicity for curved modules will involve the acyclicity of these objects.
Explicitly, Gr;(M) is acyclic if the n + 1 complexes

M

M) = gy

1€0,...,n

are acyclic; analogously, Grg (M) is acyclic if the n + 1 complexes

i+1
_ Kerty;

Gri (M) = Kor it >t Kertitt i€0,...,n
M

are acyclic; the last isomorphism follows from the obvious fact that, since Kert}, C
Ker /!, the kernel of the restricted action of 3, on Ker ¢4+ is still Kert,.

Lemma 3.1.1. For any cdg A, -module M,

t'M N Kertg\/[ =t Kertﬂj C M.

Proof. This is a straightforward elementwise verification.

The following is a key fact:
Proposition 3.1.2. For any A,-module M, the complex Gri(M) is acyclic if and only
if the complex Grg (M) is acyclic.

Proof. Suppose first that Grg (M) is acyclic. The n-th quotient of the K-filtration is

Ker t}t}"l M

= >~ "M
Kert7, Kert},

which is thus acyclic. We then have the short exact sequence

Kerty Nt~ 1M . t—1p t M .
Kerty Nt‘M tiM titipg

0

which by Lemma 3.1.1 we can rewrite as

t=1Kertt, t7IM . t'M

— = — - = — 0. 3.1
ti Kertyh! t'M tH M (3.1)

Since Grg (M) is acyclic the first term is the quotient of two acyclic complexes, and by
induction we get that each graded piece of the T-filtration is acyclic. For the opposite
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implication the argument is similar: assume that Gry(M) is acyclic. From the acyclicity
of Gri (M) we know that t"M = ﬁ is acyclic; hence using again (3.1) and the short
exact sequence

ti=1Kert,

0 — ! Kertitt — "1 Kerth, — — :
M M t* Ker tﬁl

we conclude again by induction (now starting from the last piece) that t* Ker tﬂl is acyclic
for all 4. O

Definition 3.1.3. An A,-module is said to be n-acyclic if either of the two equivalent
conditions of Proposition 3.1.2 is satisfied. A closed morphism f: M — N is said to be a
n-quasi-isomorphism if its cone is n-acyclic.

Clearly, a closed morphism is a n-quasi-isomorphism if and only if it induces quasi-
isomorphisms between the associated graded of either the t-adic or the K-filtration.

Example 3.1.1. If A, is a dg algebra (i.e. ¢ = 0), any n-acyclic module has by definition
a finite filtration with acyclic quotients and is therefore itself acyclic. On the other hand,
not all acyclic modules are m-acyclic. For an explicit example, consider the first order
deformation Ry = k[t]/(¢?) of the base ring, and look at the R;-module

M:...—>R1L>R1—t>R1—>...
for an example with R;-free components and its truncation
N=0—-k5R —k—0

for a bounded example. The module M, however, is the only source of examples with
R;-free components. Indeed, it follows e.g. from [Low05, Theorem 5.7] (see also [Pos18,
Section 0.15]) that any complex of R;-free modules whose reduction is acyclic must already
be contractible; now, the homotopy category of acyclic complexes of R;-free modules is
known to be a model for the (large) singularity category of R; (see e.g. [Kra05]), and
is cofibrantly generated by M (as easily follows e.g. from [Jgr05]). Hence, all exam-
ples of acyclic dg R;-modules with R;-free components are obtained (up to homotopy
equivalence) from M via shifts, cones and coproducts.

As soon as non-free components are let back into the pictures, the class of examples
expands dramatically.

Corollary 3.1.4. If M is n-acyclic, then Kerth, is (i — 1)-acyclic for all i > 0.

Proof. The graded pieces of Ker t}, with respect to the K-filtration are a subset of the
graded pieces of M with respect to the same filtration, so this is implied by Proposition
3.1.2. O

Remark. At a first glance, our constructions have a lot in common with the theory of N-
complexes [Kap96]; indeed if A,, is a deformation of order n, since d3; (M) C t"*'M =0
any Ap-module is a (2N + 2)-complex. However the two notions of acyclicity differ
significantly. Consider the case of a first order deformation A; with zero curvature, and
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take an Aj-module M; looking at it as a 4-complex, being 4-exact in the sense of [Kap96]
implies that the module

B Kerdij: Mt — M2

H' (M) = , :
2H'(M) Imd2,: Mi—2 — Mi

vanishes. But since A; has zero curvature, d3, = 0 and s H*(M) = M?"; therefore any
4-exact Aj-module has to be the zero module. On the other hand any contractible module
suffices in giving an example of a nonzero A; module which is 1-acyclic according to our
definition.

Proposition 3.1.5. The full subcategory Ac™ C Hot(A,,) given by the n-acyclic modules
s a triangulated subcategory closed under small products and coproducts.

Proof. We first verify that Ac™ is closed under isomorphisms in Hot(A,,), i.e. homotopy
equivalences: this follows from the fact that if f: M — N is a homotopy equivalence, it
induces homotopy equivalences Gri(f): Gri(M) — Gri(N). Similarly, if M and N are
n-acyclic and f: M — N is any closed morphism, we have isomorphisms

Gri(Cone(M & N)) 2 Cone(Gri (M) “H ari(v))

and Cone(f) is n-acyclic.

We have then proved that Ac™ C Hot(A,) is a triangulated subcategory. To show that it
is closed under products and coproducts it is enough to show, for example, that Gri(—)
commutes with products and coproducts. For this, observe that Gr;(—) coincides with

the composition

Imt* A®a4, _;—
Mod A,, — Mod A,,_; — " Mod A;

the functor Im#* commutes with both products and coproducts; the tensor functor is
a right adjoint so it automatically commutes with coproducts and, since A is finitely-
presented as an A,,_;-module, also commutes with products [Sta, Tag 059K]! . O

Remark. In fact, it is immediate to see that Gri (—) also commutes with (co)products,
so both reductions preserve products and coproducts.

We now arrive at our main definition.

Definition 3.1.6. The n-derived category D™(A,) is the quotient of Hot(A,) by the
subcategory Ac™ C Hot(A4,,).

In the case n = 0, the 0-acyclic modules coincide with the acyclic ones and D°(A) = D(A).

By Proposition 3.1.5, D"(A,,) is a triangulated category with small products and coprod-
ucts and the quotient functor
Hot(A,) — D(A,)

preserves them.

We now give the relevant version of the notions of homotopy projective and homotopy
injective modules.

IThe reference is for commutative rings, but in our case it is sufficient since A®a, M =2k®gr, ,M
as k-modules.
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Definition 3.1.7. We will say that an A,,-module P is n-homotopy projective if
Homyioy(a,) (P, N) =0

for any n-acyclic module N. An A,-module I is n-homotopy injective if
Hompot(a,) (N, 1) =0

for any n-acyclic module N.

In analogy to the classical case, n-homotopy projective modules are those in L A" and
n-homotopy injective modules those in Ac™.

3.1.2 First results
Proposition 3.1.8. The module A € Mod A,, is n-homotopy projective.

Proof. If M is an n-acyclic A,-module, we have
Homy, (A, M) =2 Homu (A, Kerty) = Kertys

which is acyclic by Lemma 3.1.2. O

We can now show the first way in which D™(A4,,) differs significantly from other derived
categories of curved objects in the literature. Observe preliminarily that the restriction
functor Hot(A) — Hot(A,,) carries acyclic modules to n-acyclic modules, so defines a
functor D(A) — D™(A,,).

Corollary 3.1.9. The natural functor D(A) — D™(A,,) is fully faithful.

Proof. Since A is n-homotopy projective as an A,-module, we have isomorphisms
Hompa)(A, M) = Homye(ay (A, M) = Hompey(a,) (A, M) = Hompn(a,)(A, M).

for all A-modules M. Since A is a compact generator of D(A), by [Kel94, Lemma 4.2]
this implies the claim. O

Corollary 3.1.9 will have a significant generalization in Corollary 3.3.13.
Corollary 3.1.10. If A, is a dg algebra, there is a fully faithful functor
D(A,) — D"(A,).

Proof. Recall that the quotient Hot(A4,) — D(A,) admits a fully faithful left adjoint
p: D(A,) — Hot(A4,,) whose essential image is given by the homotopy projective A,,-
modules; composing this with the quotient Hot(A,,) — D(A4,,) one obtains a functor

D(A,) 2 Hot(A,) — D™(A,).

Since every n-acyclic module is acyclic, homotopy projective modules are in particular n-
homotopy projective, so the quotient Hot(A4,,) — D™(A4,,) is fully faithful when restricted
to the image of p and we are done. O
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Remark. In other words, the quotient functor
D"(A,) — D(4,)

admits both a left and a right adjoint, which are then automatically fully faithful.

3.2 Compact generation

So far, we haven’t proven anything about D™(A,,) which is not also true about Hot(A4,,);
in particular, D™(A,,) might be too large for it to represent a useful invariant. In this
section we prove that that is not the case by showing that, unlike Hot(A4,,), the n-derived
category is a cofibrantly generated triangulated category (Theorem 3.2.5).

Example 3.2.1. If A4, is a dg algebra, it is easy to see that D"(A4,) is compactly
generated. Indeed consider the n + 1 dg A,-modules Ag, Ay,...,A,. Those are all n-
homotopy projective, since for any n-acyclic module M one has

Hom a, (A;, M) = Hom 4, (A;, Ker t4F!) = Ker ¢4
which is i-acyclic and hence acyclic.

Now if M is an A,-module such that Ker t’;}l is acyclic for all ¢, it follows immediately
that Grg (M) is acyclic and therefore M is n-acyclic; compactness comes from the fact
that the functors Kert* commute with coproducts.

The problem is that if A, has nonzero curvature, none of the modules A; - except Ag -
exist in Mod A,,. The question is then one of finding alternative compact generators that
are defined also in the curved case.

Remark. Assume again that A, has no curvature. Then one can show that n-acyclic
modules coincide with the modules which are contractible over k[t]/(t"*1); indeed, it
follows from [Jgr05] that any A,-module M for which Kert}, is acyclic for all i is the
zero object in Hot(k[t]/(t" 1)) —i.e. is contractible over k[t]/(t"T1). Hence, the category
D"(A,) coincides with the so called relative derived category of A,. It was shown in
[Nic08] that this is equivalent to the Bar derived category of A,, — that is, the category
of Ass Ap-modules up to A, homotopy. Note that this does not coincide with the usual
derived category, since k[t]/(t"*1) is not a field. We expect that in general there exists
an equivalence between the n-derived category and the Bar derived category studied in
[Nic08].

3.2.1 Twisted modules

Definition 3.2.1. A right (resp. left) ¢dg module [PP12; DL18| over a cdg algebra
A is a graded right (resp. left) A#-module M# equipped with a derivation dy; €
Homp(M#, M#) of degree 1.

It is evident from this definition that a right cdg module is a right qdg module for which
the condition d3;, = —c holds. The key reason why qdg modules are relevant is that,
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while the free module A is not a cdg module, it is a qdg module. Although for us this
notion is just a technical tool to eventually get back to the world of cdg modules, it is
one with intrinsic interest: in the many-objects case, considering the larger category of
qdg modules makes it possible to define a Yoneda embedding, which does not exist in the
cdg case ([DL18; PP12]).

Let now M; be a a finite family of qdg A,,-modules and
F: Pm; - P

an Aj,-linear morphism of degree 1. The twisted module M is defined as the qdg module
which has as underlying graded module &;M; and as predifferential

drpm; = dyr,m; + F'm.

It is straightforward to see that dp is still a derivation, so Mp is in a natural way a
qdg module; we will say that Mg is the qdg module &;M; twisted by F. The condition
d%m; = cm; of being a cdg module corresponds to the Maurer-Cartan equation for F'

Remark. In the A.-case, infinite sums get involved and delicate convergence issues arise,
see [LVdB15]; in the dg case that we placed ourselves in, any morphism F' gives a well
defined twisted module.

3.2.2 Construction of the generators

To define the modules that will be the generators of D™(A4,,), begin with the following
observations: we know that A,,, as well as A; for i < n, is a qdg A,-module; moreover,
there is a well-defined A,-module map

t: Ai—l — Az

for all 7, together with the already cited projection 7w: A; — A;_1. Finally since ¢ € tA,,
there exists an element ¢ € A2 such that t& = c.

Set A_; = 0. Define the twisted module I'; for ¢ = 0,...,n as the qdg module X; =
A; @ A;_1[1] twisted by the matrix

Concretely, one has

c
dr, (g, apy1) = (da, o — tagg1,da,_pjarsr +7 (Eak))

for oy, € A; and ag41 € A;_y1; recall that by definition da,_ 1) = —da,_,-

Proposition 3.2.2. The qdg A, -module I';, is a cdg A, -module.
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Proof. For simplicity of notation, write v for v, and X for X,,. We have to verify that,
for all x € X,
d%nx = diw +dxvyzr + vdx + vz = cx.

Let’s examine the sum part by part.

e Since 7(c) coincides with the curvature of A,,_1, we have
d% (ag, aps1) = (coap — age, m(c)ags1 — apr1m(c)).
e For the last term, we have

YV (ap, ap1) = (—tm ((iak> ,—T (t%ak.:,.:t)) = (—cay, —7(c)akt1)

where the last equality is given by direct computation.

Therefore d% + 7?2 equals the action of the curvature, and we will be done if we show that
dxvy+~ydx =0.

Computing, we get

C
dxvy(ak, ar1) = (—da, tar1, —da, 7 (akg))

and

C
ydx (g, aps1) = (tda,_,akg1, 7 (dAnak¥>)§

since ¢t commutes with the predifferentials, the first terms cancel out; moreover © com-
mutes with the predifferentials so the sum of the second terms reduces to

T (aden%> = 7(ayg)m (dAn%>

and in order to conclude we need to prove that m (dAn%) = 0. Since c is closed with
respect to d4,,, one has
c
"t
sodas, ¢ e€Kerty,. But A, is R,-free, so Kerts, =t"A, = Kerm and we are done. [

0=da,c=tds

Remark. The module I',, is similar to the module A, defined in [LVdB15] as the twist
of A, & A,[1] by the matrix

0 ¢ '

t 0

However in order for A(,) to be a cdg module, the authors need to impose the existence
of a deformation A, ; of a higher order extending the deformation A, ; this makes it
possible to “correct” § into an actual d4,-closed element. In our case, as we have shown,
this need is removed by quotienting out ¢ A,,[1]. Of course, the module T',, does not work
for the scope of [LVAB15] since it is not R,-free.
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In the same way, one proves that I'; is a cdg A,-module for all i. For a cdg A,-module
M, denote by (M); the complex of R,-modules Hom , (I';, M)[1]; explicitly?, (M); is the
module Kert}, @ Ker t45'[1] twisted by the matrix

0 1o
t
e a2
where ¢: Kert}, — Ker té\}'l is the inclusion; note that t Ker t;}l C Kert}, so everything
is well defined. By definition T'g = A so (M)g = Ker tr[1].

Proposition 3.2.3. There is a triangle in D(R,,)

Kert},

Kerty[l] = (M), — i

— Kertp[2]. (3.3)

Proof. There are natural chain maps

Kert},
tM

induced by the inclusion Kert¢y; < M and the projection Kertly, — Kert%,/tM. These
give short exact sequences

Kertp[1] = (M), and (M), —

Kert?
0— X — (M), — M 0 3.4
(M)~ = (3.4
and
0— Kerty[l] > (M), =Y =0 (3.5)

where X is the twist of tM @ M[1] and Y of Kert}, & M/ Kert[1] by the same matrix
(3.2) that defines (M),. One also sees that there are chain maps Kerty[1] — X and
Y — Kerth,/tM - again induced by the inclusion and projection - giving the short exact
sequences
0—Kerty[l] > X —>2—-0
and
Kerth,
tM

It’s immediate to see that Z and Z’ are isomorphic, both being identified to the module
tM & M/ Kertp[1] twisted by the matrix with the same coefficients as (3.2). Under the
isomorphism M/ Kerty = tM, one sees that Z corresponds to the module tM & tM|[1]
twisted by the matrix

0 ¢

i

Consider the t-adic filtration on Z; it is a finite filtration, and since c is divisible by ¢ its

graded pieces are the twists of ﬁilMM @ tﬁ%[l] by the matrix

il

this, being the cone of an isomorphism, is contractible: then each graded piece is acyclic,
and so is Z. Thus we get that X is quasi-isomorphic to Kerty,[1] and Y to Kert}, /tM.
Plugging these identifications in either (3.4) or (3.5) we are done. O

0272 =Y — — 0.

2The shift is just to avoid negative indices.
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In the same way, one shows that there are triangles in D(R;)

Ker tzM

Kertyll] - (M); - —— =
mll] (M) tKertﬂl

— Kertp[2] (3.6)

for all 7 < n.

Proposition 3.2.4. The modules Ty, ..., T, € Mod A,, are n-homotopy projective com-
pact A, -modules.

Proof. Let M be an n-acyclic A,-module: by Proposition 3.1.2, we know that Ker¢,,[1] &
Ker tﬁu
t Ker t’;}l

to conclude that (M); is acyclic. For this, consider the short exact sequence

(M) is acyclic. Hence by the triangle (3.6) it is enough to prove that is acyclic

tKert? Kert, Kerti,

0— . 4 .
tKert), tKert}, t Ker tﬂl

stemming from the third isomorphism theorem for modules. Applying Lemma 3.1.1 to
Ker t;‘}l, we have that ‘ _ _
tKerth, = tKert)r' N Kertl,!

so the first term can be rewritten as

tKertyh! tKer ! ; i1
i it1 1 = U Kertyy
tKerty tKerty; NKerty,

and the whole short exact sequence becomes

Ker ti, Kerti,
tKerth, — tKertih!

0 — t' Kertiht — - 0; (3.7)

by Corollary 3.1.4 Kert4+" is i-acyclic and Kert}, is (i — 1) acyclic, thus the first and
second term are acyclic and hence so is the third: we have then proved that (M); is acyclic
for all n-acyclic M and all 4, i.e. I'g,...,I';, are n-homotopy projective. Compactness
comes directly from the fact that for any collection {My}rca there is an isomorphism

B (@)

A
following from the fact that the functor Kert' commutes with coproducts. O

Theorem 3.2.5. The category D™(A,,) is compactly generated by the objects Tg,...T,,.

Proof. By induction on n, the case n = 0 being the usual statement that A € D(A)
is a generator. Let M be a module such that Hompn (4, )(I';, M[l]) = 0 for all i and
[ € Z. Since the modules I'; are n-homotopy projective, this implies that Homy4  (T';, M)
is acyclic for all 4. Since the modules I'y, ..., I';,_1 all lie in the image of the restriction
functor from Mod A4,,_1 and are (n — 1)-homotopy projective as A,,_i-modules, we know
that

0 = Hompyog(a,)(I's, M[l]) = Hompeg(a, ) (I, Ker t[l]) = Hompn-1(4,_,) (I, Ker th )
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for all I and i < n, so Kert?, is (n — 1)-acyclic by the inductive hypothesis; in partic-

ular, Kerty, is acyclic. Then, since (M), and Kertp/[1] are acyclic, the triangle (3.3)
erthy,

guarantees that K a7~ is acyclic and by the short exact sequence (3.7) for the case i = n
this implies that t" M is acyclic; finally, the (n — 1)-acyclicity of Kert}, together with the
acyclicity of " M means that Grg (M) is acyclic and therefore M is n-acyclic. O

Example 3.2.2. Let k[u,u~!] be the graded field of [KL09] with u in degree 2; let
ku[u,u™1] be the deformation over R; corresponding to the Hochschild cocycle u €
k[u,u=1]2. The category D! (k,[u,u™!]) has as generators the two k,[u, u™!]-modules

Ilp=...202k—>0—=2k—>0—>k— ...

and 3
MN=...k5R"3t5R — ...

It turns out - and this is a peculiarity of the deformation k, [u, u™!] - that these generators
are actually orthogonal to each other, i.e. there is no nonzero morphism in either direction.
The endomorphism ring of Ty is isomorphic to the base k[u,u"!] and the one of I'y is
quasi-isomorphic to the same algebra. In Section 3.5 we will explain this kind of behaviour
in greater generality.

3.3 Resolutions

Using the fact that D™(A4,,) has a set of n-homotopy projective compact generators we
can already deduce formally the existence of n-homotopy projective resolutions. That
said, we will still give a direct construction (Corollary 3.3.9) which gives some insight into
the explicit shape of these resolutions. This explicit construction also adapts to give a
proof of the existence of n-homotopy injective resolutions (Proposition 3.3.15).

3.3.1 Projective resolutions

Let X C Mod A, be a set of A,-modules which are compact as objects of Hot(A4,,).
Definition 3.3.1. An A,-module P is X-semifree if there exists a filtration
0O=FRPCKHPC...CP

such that:

o P = UiFiP;
e The inclusions F; P — F;11 P split as morphisms of graded modules;

e F,.1P/F;P is isomorphic to a direct sum of copies of shifts of elements of X.

We will say that an A,-module is n-semifree if it is {T'y, ... T, }-semifree.

Definition 3.3.2. A module M € Hot(A4,,) is said to be X-cell if it lies in the minimal
localizing subcategory of Hot(A4,,) containing X.
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We will say that an A,,-module M is n-cell if it is {T'g, ..., }-cell. A module N € Hot(A)
is A-cell if it lies in the minimal localizing subcategory of Hot(A) containing the A-module

A.

Lemma 3.3.3. Any X-semifree module is X -cell.

Proof. Same proof as [Sta, 09KL], mutatis mutandis: assume that P is an X-semifree
A,-module. It is easy to see by induction that each F;P is X-cell, and to see that P is
itself X'-cell one uses the existence of the graded split short exact sequence

0—>@FZ-P—>@FI-P—>P—>O.

defined as in [Sta, 09KL].

O

Remark. If an A,-module admits a filtration as in the definition of X-semifree with the
exception of the quotients being X'-cell instead of a coproduct of shifted copies of elements
of X, one can use the same argument to prove that it is itself X'-cell.

Proposition 3.3.4. All n-cell A, -modules are n-homotopy projective.

Proof. The claim follows from the fact that I'g,...,I",, are n-homotopy projective and
that a coproduct of n-homotopy projectives is still n-homotopy projective. O

In particular, for the case n = 0 we recover the classical fact that all A-cell modules are
homotopy projective.

Remark. Tt is well known that the property of being A-cell coincides with that of being
homotopy projective as an A-module. By the end of this section, we will see that this
generalizes to the filtered setting.

Lemma 3.3.5. If M € Hot(A,,) is n-cell, then both Gri(M) and Gri (M) are A-cell and
therefore homotopy projective.

Proof. Tt is immediate to see that the subcategory of Hot(A,,) given by the modules with
A-cell associated graded is a triangulated subcategory containing 'y, ...T",. To conclude
we need to show that it is also closed under coproducts, but this follows from the fact
that that Gr;(—) and Grg(—) commute with coproducts. O

If M is an A,-module, an n-cell (resp. an n-semifree) resolution of M is an n-cell (resp.
an n-semifree) A,-module P equipped with a n-quasi-isomorphism P — M.

Lemma 3.3.6. If P — M is an n-cell resolution of M € Mod A,,, then
Gry(P) — Gry(M)

is a homotopy projective resolution of Gry(M) in Hot(A); the same holds for Gri(—).

Proof. By construction Gr;(P) — Gry(M) is a quasi-isomorphism; moreover by Lemma
3.3.5, Gry(P) is a homotopy projective A-module. The case of Gri(—) is identical. [
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The construction of n-cell resolutions uses the following procedure which is a gener-
alization of the classical homotopy projective resolution of a dg module due to Keller
[Kel94][Sta, 09KK].

Construction of projective resolutions

Lemma 3.3.7. For every A, -module M, there exists an X -semifree module Qx with a
morphism Qx — M inducing surjections

HomAn (X, Qx) — HOHIAH(X, M)

and
Ker dpom ., (x,0x) = Kerduom,,, (x,0)-

forall X € X.

Proof. Pick an arbitrary X € X. By definition, (Ker dyom, (x,n))° = Z2° Homy,, (X, M).
Choose a set {fP} of generators of Z° Hom 4 (X, M) as an abelian group; each f? defines

tautologically a closed morphism
e X—-M

with the property that f? lies in the image of
fP: Z°Homy, (X, X) — Z°Homy, (X, M)

as the pushforward of the identity. Defining Q% = ®,X, the collection {f?} defines a
closed morphism F': Q% — M such that the precomposition with the inclusion in the
p-th factor X — @p X equals fP; it follows that F' induces a surjection

Z°Homy, (X,Qx) — Z°Homy, (X, M).

To get surjectivity at every degree, repeat the same procedure adding appropriate shifts of
X to Q. For the surjectivity on arbitrary morphisms one proceeds similarly: let C'x be
the cocone of the identity of X. Let {g?} be a set of (not necessarily closed) generators
of Homy, (X, M)° as an abelian group. The pairs (g?,dg?) define closed morphisms
v4: C'x — M, and there is a natural non-closed morphism x: X — Cx with the property
that the composition with the inclusion into the g-th factor X = Cx 'Y—q> M equals g7;
therefore g4 lies in the image of the composition

Hom, (X, X)° 5 Hom, (X, Cx)° 2% Homy (X, M)°

as the image of the identity of X. Setting again Q% = @©,Cx, we have an induced map
G: Q% — M which gives rise to a surjection

Homy, (X, Q%) — Homy, (X, M)Y;

as before, repeat the whole procedure with shifts of C'x to obtain surjectivity at all
degrees. To get the desired morphism, just set

Qx = @QIX@Q/)/(

XeXx
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and consider the induced map to M; (Qx has a 2-step filtration as in the definition of
X-semifree so it is X'-semifree and for any X € X, the morphism

I{OIHATL(AX7 Qx) — HOmAn(X, M)
is both surjective and surjective when restricted to the cycles.
O

Proposition 3.3.8. For any A, -module M there exists an X-semifree module Px with
a closed morphism
Px - M

mnducing a quasi-isomorphism
Homu, (X, Px) = Homy, (X, M).
forall X € X.

Remark. If A,, is a dg algebra and by choosing X = {A,,}, one obtains the same resolution
as in [Kel94].

Proof. Apply Lemma 3.3.7 to obtain a closed morphism Py — M, and denote by Kj
its kernel: since both Homa, (X, —) and Kerdyom,  (x,—) are left exact functors, by
construction both the sequences

0 — Homyu, (X, Kog) = Homyu,, (X, Py) = Homy, (X, M) — 0

and
0 — Ker dHomAn(X,Ko) — Ker dHomAn(X,Po) — Ker dHomAn(X,M) —0

are exact. Applying again Lemma 3.3.7 to obtain a morphism P; — Kj, we can iterate
the procedure to obtain a sequence

oo > PP —>Py—> M
such that
...~ Homyu, (X, P;) = Homy, (X, P1) = Homy, (X, Py) — Homy, (X, M) — 0
and
. = Kerdyom ,, (x,p,) — Kerduom,, (x,p) = Kerduom,, (x,p) — Kerduom,, (x,0r) = 0

are exact for all X € X. Set Py = Tot¥(... = P, — P, — P,); the augmentation
Py — M induces a closed morphism Px — M. Since X is compact, the cone of m, is
isomorphic to

Tot®(... — Homa, (X, P,) — Homa, (X, P;) — Homy, (X, Py) — Homa, (X, M) — 0)
which by [Sta, 09IZ] is exact so
7« Homy (X, Px) — Homy, (X, M)

is a quasi-isomorphism for all X.
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To conclude that Px is X'-semifree, recalling that each P; has a 2-step filtration 0 < S —
P as in Proposition 3.3.3 we can define a filtration F; on Px as

and adding S; 11 to obtain Fb; 11 Px. It is then readily seen that the filtration F; satisfies
the conditions in the definition of X’-semifree module.

O

Corollary 3.3.9. Any A, -module M admits an n-semifree, and hence n-cell, resolution.

Proof. Apply Proposition 3.3.8 with X = {T'g,...T',} to obtain an n-semifree module P
with a morphism P — M; by construction

Hom  (T';, P) — Homy, (I';, M)

is a quasi-isomorphism for all 4. Since the modules I'; are generators of D™(A4,,), we get
that P — M is an isomorphism in D" (A4,,). O

Remark. As a consequence of the explicit construction, we also obtain that the resolution
can be chosen so that
Homyu, (T';, P) — Homy, (T';, M)

is a surjection for all i; we will use this fact in Section 3.7.

We can finally apply Proposition 2.1.1 to prove the following:

Proposition 3.3.10. The quotient functor Hot(A,,) — D™(A,) has a fully faithful left
adjoint pn, whose essential tmage is given by the n-cell modules. Moreover, the classes
of n-cell modules and n-homotopy projective modules coincide.

Proof. The first statement is a direct application of Proposition 2.1.1. For the second one,
for any n-homotopy projective P take an n-cell resolution P,, — P; since P is n-homotopy
projective this has to be a homotopy equivalence and P is itself n-cell. O

Remark. In particular, we obtain that any n-cell A,-module is homotopy equivalent to
an n-semifree module.

Since Gry(—) and Gry(—) send n-cell modules to A-cell modules, we also get the following.

Corollary 3.3.11. If M is an n-homotopy projective A,,-module, Grx (M) and Gri(M)
are homotopy projective A-modules.

As a partial converse, it follows from (the proof of) Lemma 3.4.1 that any graded pro-
jective A,-module whose associated graded Gr;(—) is homotopy projective is itself n-
homotopy projective; a full characterization of the n-projective modules in terms of the
t-adic filtration is related to the development of an appropriate obstruction theory refining
[Low05], which is work in progress.

Corollary 3.3.12. The dg subcategory SF"(A,) C Mod 4,, given by the n-semifree A, -
modules is a dg enhancement of D™(A,,).
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Proof. There is a natural functor H'SF"(A,,) — D"(A,,) given by the composition
HSF"(A,) < Hot(A,) — D"™(Ay);

the right adjoint p,, gives an inverse. O

Filtered behaviors

The forgetful functor Hot(A4,,_1) — Hot(A4,,) carries (n — 1)-acyclic modules to n-acyclic
modules and defines a functor

tn: D" (A, 1) = D"(A,).

Corollary 3.3.13. The functor v, is fully faithful.

Proof. This follows from the fact that the forgetful functor is fully faithful and carries
(n — 1)-cell modules to n-cell modules; alternatively, one could note that any morphism
from an A,,_;-module to an n-acyclic A,,-module M factors through the (n — 1)-acyclic
A,,_1-module Kert}, and invoke [Kra09, Lemma 4.7.1]. O

Corollary 3.3.14. For any deformation A,, there is a system of embeddings

D(A) S .. D" Y (A,_1) & DM(A,).

This behavior is starkly different compared to the classical (dg) case, where homotopy
projective modules are very much not preserved and the forgetful functor D(A,_1) —
D(A,,) is not fully faithful; having “all quotients at the same time” is a fundamental
characteristic of this filtered setting.

3.3.2 Injective resolutions

One can dualize the argument to also obtain the existence of n-homotopy injective reso-
lutions.

Proposition 3.3.15. The quotient functor Hot(A,) — D"(A,) admits a fully faithful
right adjoint i,, whose essential image is given by the n-homotopy injective modules.

The construction is somewhat more involved than the projective case and is contained
Section 3.3.15.

3.4 Filtered Morita equivalences

Let B,, be a cdg deformation of a dg algebra B, and let X,, be a cdg A,-B, bimodule.
Assume that X, is projective as a graded B.-module and that the A-B bimodule X =
X, ®r, k is cofibrant as a B-module. Note that this condition is implied by cofibrancy
as a bimodule.
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Lemma 3.4.1. Let X,, be an A,-B,, bimodule that is projective as a graded B,-module
and such that X = X,, ®g,, k is cofibrant as a dg B-module. Then the functor

Homp, (X,,—): Mod B,, = Mod 4,

preserves n-acyclic modules.

Proof. Let M be a cdg Bj,-module. Recall that by Proposition 3.1.2 M is n-acyclic if and
only if t* Ker tﬂl is acyclic for i = 0,...,n. We first show that

t'Homp, (X,,, M) = Homp, (X, t'M). (3.8)
There is a natural map

t'Homp, (X,,, M) — Homp, (X,,t'M)

induced by the surjection M L #iM. This is immediately seen to be injective and, since
X, is projective as a graded B,-module, it is also surjective. Applying now the exact
functor Homp, (X,,, —) to the short exact sequence

0— t""M — t'M — Gri(M) =0
and using the isomorphism (3.8), we find that there is an isomorphism

Homp (X, Gri(M)) = Gri(Homp, (X, M)).

If M is n-acyclic, then Gri(M ) is acyclic; so since X is cofibrant as a B-module, the
complex Homp (X, Gr{(M)) has to be acyclic. O

Remark. (The proof of) this Lemma has some non-obvious consequences, most notably the
fact that than any A,-module that is projective as a graded A,-module whose reduction
is homotopy projective is n-homotopy projective. In particular, the k[¢]-module

.= kle] = kle] = kle] — ...
is 1-homotopy projective.

As a consequence of this Lemma, we can derive the functor Hompg, (X,,, —) without the
need to take an injective resolution in the second variable — morally, we have resolved X,,.
In particular, any morphism of cdg algebras A,, — B,, gives to B,, the structure of a cdg
A,-B,, bimodule satisfying the hypotheses above. We have then a functor

Homp, (X,,—): D"(B,) — D"(A,).

Proposition 3.4.2. The functor — ®4, X, admits a left derived functor — ®Ign X,
giving a derived adjoint pair

Homgp,, (Xn,—)
D™(A,) &—— D"(By).
-®%, Xn



42 CHAPTER 3. THE n-DERIVED CATEGORY

Proof. We define the left derived functor — ®f;;n X,, as the composition

D"(A,) —P" Hot(A,) 223" Hot(B,) —— D™(By).

To show that this is a left adjoint to Homp, (X, —), one uses the fact that the func-
tor Homp, (X, —) preserves acyclic objects and consequently its left adjoint — ®4, X,
preserves n-homotopy projective modules. O

The bimodule X,, induces A;-B; bimodules X; for i =0,...,n — 1; we set X = Xy. The
main result of this section is the following:

Proposition 3.4.3. The adjoint pair
Homgp,, (Xn,—)

D"(An) &= D"(Bn)
-®%, Xn

is an equivalence if and only if the A-B bimodule X is a Morita bimodule.

This is the union of Propositions 3.4.6 and 3.4.7, the proofs of which will take up the
rest of the section. Denote with F; the restriction of scalars Mod A; — Mod A,, along the
projection A, — A;.

Lemma 3.4.4. Let M be an A,-module such that t*71M = 0. Then M has a natural
structure of A;-module and there is an isomorphism of A,-modules

M ®a, Xn 2 F;(M®a, X;).

Proof. The first statement follows from the fact that the functor F; identifies the category
Mod A; as the full subcategory of Mod 4,, given by the modules M for which t***M = 0.
To prove the second, observe that since the functor F; is fully faithful and the functor
A; ®4, — is left adjoint to F; there is a natural isomorphism of A;-modules

M =M Ra, Ai; (39)

we also know that **'M = 0 implies t**1(M ®4, X,,) = 0; therefore M ®4, X,, has
the structure of a B;-module and we can apply to it the isomorphism (3.9) to obtain a
natural isomorphism of B;-modules

M®@a, Xn=Z2M®4, X, ®p, B;.
Since the diagram
—®a, Ai
Mod A4,, —= Mod 4;

_®Anxnj/ l—@)Ainz

Mod B,, 222 %NMod B;

commutes up to natural isomorphism, we have further isomorphisms
M®a, Xn = B;®p, M®a, Xp 2M ®a, A; @4, Xi =M @4, X;

of B;-modules and we are done. O
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Lemma 3.4.5. For any A, -module M there is a natural isomorphism

Grt(M ®An Xn) = Grt(M) XA X.

Proof. We prove that there are isomorphisms

Gri(M ®a, X,) = P (M@ X)) 07 ®a4X =Gri(M)®asX

for each i. By definition of the action of t on M ®4, X,,, we have
t'(M @4, Xp) Zt'M @4, Xp.
so by Lemma 3.4.4 there is an isomorphism

t'(M @4, Xp) ZtPM @4, Xp_s.

Since the diagram
7®An7'iA
Mod A,,_; —— Mod A
—®a,_; Xn—i l—®A‘X

-®B,_,B
Mod B,,_; —— Mod B

commutes up to natural isomorphism, we get isomorphisms

ti(M ®a, Xn)
tH (M ®@a, Xn)

~Bep, t'(M®a, Xo)Zt'M®a, X, i®p, , B

g15711\4@9,4”,1- A®AX =~ m

R4 X.
Proposition 3.4.6. If X is a Morita bimodule, then
Homp,, (Xn,—)
D"(A,) &—— D"™(B,).

-®%, Xn

s an equivalence.

43

Proof. Recall that by definition, M®I;‘71Xn = pnM®, X,. We want to show that the
unit and counit of the derived adjunction are isomorphisms; the unit is a morphism in

D"(An)
M — Homp, (X, pnM ®4, X,)

and the counit a morphism in D"(B,,)
pr Homp, (X,,,N)®4, X, — N;
The unit is represented by the roof

M < p,M — Homp, (X,,pnM ®a4, X,)
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where the left map is the canonical map p, M — M and the right is induced by the unit
of the underived adjunction between Homp, (X, —) and — ® 4, X,,; the counit is given
by the composition

prHomp (X,,N)®a, X,, = Homp, (X,,N)®4, X, — N,

where the first morphism is induced by p, Homp, (X,,N) — Homp, (X,,N) and the
second is the counit of the underived adjunction. To see that a morphism X — Y is an
isomorphism in the n-derived category is is sufficient to check that Gry(X) — Gr(Y) is
a an isomorphism in D(A); the morphism induced on the associated graded by the unit
is the roof

Gri(M) < Gri(pp,M) — Gri(Homp, (X, pnM ®@4, X)) =

1

>~ Homp (X, Gri(ppM ®4, Xp)) 2 Homp(X, Gry(p,M @4 X) (3.10)
where the first isomorphism is due to (the proof of) Lemma 3.4.1 while the second is
Lemma 3.4.5. Now, since by Lemma 3.3.6 Gr;(p,M) — Gr:(M) gives a homotopy pro-
jective resolution of the A-module Gr,(M), this is nothing but the unit of the adjunction
induced by X between D(A) and D(B) applied to Gry(M): since that adjunction is
an equivalence, (3.10) is an isomorphism. The argument for the case of the counit is
analogous. 0

Proposition 3.4.7. If
HomBn (X‘nv_)
D™(A,) &——— D™(B,).
-®%, Xn

is an equivalence, then X is a Morita bimodule.

Proof. The diagrams

D(A) —2— Hot(A) Mod A —24% Mod B
FOJ, J{Fg Fol Fol
D"(A,) —— Hot(B,) Mod 4,, 24X "Mod B,,

commute, the first due to the fact that any homotopy projective A-module is n-homotopy
projective as an A,-module while the second is Lemma 3.4.4. Therefore the unit and
counit of the adjunction between D(A) and D(B) induced by X coincide with the unit
and counit of the adjunction induced between D™(A,,) and D"(B,,) by X,,, applied to the
modules in the image of Fy. Since Fj is fully faithful and the latter are isomorphisms, so
is the former and we are done. O

3.5 Semiorthogonal decompositions

In this section we construct a semiorthogonal decomposition of the n-derived category
(Theorem 3.5.7). Ideally we would like each of the factors to be generated by one of the
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objects I'; defined in Section 3.2.2, but it turns out that these have nontrivial morphisms
in both directions and we need to slightly tweak the generators. We define

I'n

G, = coC I, —
coCone( T

).
Lemma 3.5.1. For any A, -module M, there is a quasi-isomorphism
Homy  (Gn, M) 2 t"M. (3.11)

In particular, G, is n-homotopy projective.

Proof. One sees that, as graded modules,
r,
Homy (T, M) = Kerty;[—1] ® M and Homyu,, t"T’M >~ Kertly[—1] ® Ker t},

with predifferentials induced by the usual twisting matrix (3.2). The functor Hom4, (—, M)
sends cocones to cones, so there is an isomorphism

r,
Hom, (G, M) 22 Cone(Homy, (M M> < Hom, (T, M)

where J is given by the identity in the first component and the inclusion Ker ¢}, < M in
the second. Since J is injective, there is a natural quasi-isomorphism Cone J = Coker J;
looking at the explicit form of Coker J, one sees that it is isomorphic to M/ Ker t7, = t" M
not only as a graded module but also as complex, since no component of the matrix (3.2)
twists the component of the predifferential going from the second factor to itself. O

Recall from Proposition 3.3.13 that we had the embedding
tn: D" (A1) = D™(A,)

induced by the restriction functor: denote by ¢, D""(4,_1) C D"(A,) its essential
image. Its left adjoint M — HL%M defines a functor

Cokert™: D"(A,) — D" (A, _1)

which, as a consequence of the fact that the restriction functor carries (n — 1)-acyclics to
n-acyclics, is still a left adjoint to ¢,,.

Lemma 3.5.2. The subcategory 1, D" (A, _1) C D"(A,) is given by the modules M for
which t" M s acyclic.

Proof. For any module in the image of the restriction functor one has t"M = 0, and
since isomorphisms in D™(A,,) induce quasi-isomorphisms on Im¢" it’s clear that all the

modules M in ¢, D"~*(A,_1) have the desired property. If instead M is such that t"M is
M

acyclic, the map M — 75; is an isomorphism in the n-derived category between M and
an element in the image of the restriction functor - M and t,{WM have the same graded

pieces with respect to the t-filtration, with the exception of M having the extra piece
t"M. O
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Definition 3.5.3. Define the triangulated subcategory 7, € D™(A,,) as given by the

modules M € D"(A,,) for which 24 is (n — 1)-acyclic.

It follows directly from the definition that 7, is a localizing subcategory. By the same
argument as Lemma 3.5.2, the subcategory 7o coincides with tytp—1 ... 01 D(A).

Proposition 3.5.4. There is a semiorthogonal decomposition
D"(A,) = <LnDn_1(An—1)’7:1>

and Ty, coincides with the minimal localizing subcategory of D™ (A,,) containing the module
Gp.

Proof. First we show that there are no nonzero morphisms from 7,, to ¢, D" "1 (A,,_1); let
M €T, and N € 1,D""1(A,,_1) and assume that N = 1,, N’ for some N’ € D" 1(A,,_;).
We have

M
Hompn(a,)(M, N) = Hompna,)(M, tnN') = Hompn-104, ) <W7N/>
which is 0 since M lies in 7,,. To verify that this is a semiorthogonal decomposition, we
construct for any M a triangle

P - M — N — Pgll]

where Pg is in 7, and N is in D"~!(A,,_1). For this, apply Proposition 3.3.8 to M with
X = G, to obtain a G,-cell module Pg with a closed morphism Pz — M inducing a
quasi-isomorphism t" Pg = t" M; denoting with IV its cone we know that ¢" N is acyclic,
so N lies in D""1(A,,_1). Finally,

G =~ coCone (

Fn id 1_‘n
"Gy,

_>
Ty, tl,

is contractible so G,, lies in 7T,,. Since 7T, is localizing, any G,,-cell module lies in 7,; this
also proves the second claim. O

Proposition 3.5.5. The functor Imt™: D" (A, ) — D(A) induces an equivalence

T, — D"(4,) 222 D(A).
D" (Ay)

In particular, the functor Imt™ identifies D(A) with the quotient DA

Proof. The functor is essentially surjective since it preserves coproducts and it sends
G, € Ty to the generator A € D(A), so we only have to verify full faithfulness; since G,
is a compact generator of T, and it is sent to a compact object, it is enough (by the same
classical argument as e.g. [LO10, Proposition 1.15]) to show that

Homy (G, G,) — Hom4 (A4, A)
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is a quasi-isomorphism; this will follow once we prove the commutativity of the square

HOInAn(Gn,Gn) —_— HOmA(A,A)
o| |
"G, ————— A

where the right and lower arrows are the obvious isomorphisms, and ¢ is the quasi-
isomorphism of Lemma 3.5.1. To see the explicit form of the morphism ¢, recall that G,,
has a graded submodule (not preserved by the predifferential) A,, C G,, corresponding
to the graded submodule A,, C T',,; denote by 1,, € G,, the element corresponding to the
unit of A,. The morphism ¢ is then given explicitly by
Homgu, (Gn, M) — t"M
[f: Gn — M] = t"f(1,);

in this form, it is clear that the square commutes and we are done. O

Remark. In fact it is very easy to see that ¢, D""'(A,_1) € D"(A,) is an admissi-
ble subcategory: the right adjoint to the embedding is given by the functor Ker¢™ and
the left adjoint by Cokert™; using the description of the quotient % given in
Proposition 3.5.5, we see that there is a recollement

N

D" 1(A,_;) < D"(4,) =% D(A).
NS

Definition 3.5.6. Define the subcategories 7; C D"(A,,) for i =0,...,n as given by the
modules M for which all the graded components Gr} (M) for j # i are acyclic.
By the same argument as Lemma 3.5.2, the subcategory T coincides with 1 D(A).
Theorem 3.5.7. The n-derived category D™(A,,) admits a semiorthogonal decomposition
DM(A) = (To, T, .. To)
and the functors

Grj(=): D"(A,) > D(A)
induce equivalences T; — D(A).
Proof. This follows by iterating the arguments of Propositions 3.5.4 and 3.5.5; the only
further thing to check is that the intersection of ¢, D"~!(A,_1) with the subcategory of
the modules M for which Gr}~!(M) is (n — 2)-acyclic is given as claimed by the modules

M for which Gr!(M) is acyclic for i # n — 1, but this follows from reasoning as in Lemma
3.5.2. O
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In particular if A, is a first order deformation of A, there is a short exact sequence of

categories®

0 — D(A) = DY(4) "M D(4) - 0

categorifying the usual square zero extension
0—-A—= A —-A—0.

corresponding to the deformation Aj.

3.6 Relation with the semiderived category

In [Posll; Posl8], Positselski defines several notions of acyclicity for cdg modules; we
recall those, and explain the relation to ours (Corollary 3.6.8).

3.6.1 The semiderived category

Definition 3.6.1. ([Posll]) A cdg A,-module is said to be absolutely acyclic if it lies in
the minimal thick subcategory of Hot(A,,) containing all totalizations of short exact se-
quences; it is coacyclic if it lies in the minimal triangulated subcategory of Hot(A,,) which
contains all totalizations of short exact sequences and is closed under arbitrary coprod-
ucts, and contraacyclic if it lies in the minimal triangulated subcategory of Hot(A,,) which
contains totalizations of short exact sequences and is closed under arbitrary products.

One key property of contraacyclic modules is that they are right orthogonal to the graded
projective A,-modules; dually, coacyclic modules are left orthogonal to the graded injec-
tive A,-modules ([Pos11, Theorem 3.5.1]).

Definition 3.6.2. ([Posl18]) An R,-free A,-module M is said to be semiacyclic if M /tM
is an acyclic A-module. An arbitrary A,-module is semiacyclic as a comodule if it lies in
the minimal thick subcategory of Hot(A,,) containing all coacyclic modules and all R,-
free semiacyclic modules, and semiacyclic as a contramodule if it lies in the minimal thick
subcategory of Hot(A,,) containing all contraacyclic modules and all R,,-free semiacyclic
modules. Define the category D (AZ»~f) as the quotient of the homotopy category of
R,,-free modules by the semiacyclic A,-modules, the category D% (A°) as the quotient of
Hot(A,) by modules which are semiacyclic as comodules and D' AS°""#) as the quotient
of Hot(A,,) by the modules which are semiacyclic as contramodules.

There are natural functors
DSi(AE" -fr) — Dsi(A%ontra) and DSi(Agn -fr) N DSi(A%O)

induced by the inclusion of the homotopy category of R,-free A,-modules into Hot(A4,,)
which are shown in [Pos18, Theorem 4.2.1] to be equivalences; one refers to either version
interchangeably as the semiderived category of A,,, which is then denoted with Ds'(A,,).
In particular, it follows from [Pos18, Theorem 4.2.1] that an R,,-free A, -module is semi-
acyclic as a co/contramodule if and only if it is semiacyclic as an R,-free module.

3By this we mean that the first arrow is fully faithful and the second is a quotient whose kernel is
given by the essential image of the first one.
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Remark. In the definitions of [Pos18], the different versions of the semiderived categories
are defined starting from categories of comodules and contramodules; however, since the
rings R,, are artinian every module is both a comodule and a contramodule, and the only
difference lies in the class of acyclics.

There is a fundamental difference between D™(A,,) and the categories that we just pre-
sented: since in the semiderived category - and in general, in all the derived categories
considered in [Posll] and [Posl8] - the absolutely acyclic modules are quotiented out,
short exact sequences give rise to triangles in the quotient. This crucially is not the case
in D™(A,,), where it is easy to give examples of absolutely acyclic modules which are not
n-acyclic; consider again the simple case A = k, A1 = R;. Then the R;-module

M=0—-k—R —k—0

is absolutely acyclic but not 1-acyclic. There are nonetheless relations between the two
notions, as we now show.

Lemma 3.6.3. An R, -free module M is semiacyclic if and only if it is n-acyclic.

Proof. Obviously any n-acyclic R,-free module is semiacyclic. For the converse, assume
M to be semiacyclic and consider the short exact sequence

Kertéw N M 4 t'M

- — = —— = ()
Kert, NtM — tM — t+1M ’

since M is R,-free, Kerty, = t"~"F1M and Kerty, NtM = Kert}, so Gry(M) = M/tM
for all 4, and M is n-acyclic.

O

As a consequence, the inclusion from the homotopy category of R,-free A,-modules into
Hot(A,,) carries semiacyclic modules to n-acyclic modules and defines a functor

@: DS(AR-Y 5 Dn(A,,).

Free resolutions

In [Pos18], the author constructs for any A,-module M a triangle in Hot(A,,)
MY 5 M — C — M™1] (3.12)
where C' is contraacyclic and M is R,,-free. Concretely, he builds an exact sequence
.o F = F—M-=0
where each F; is R,-free, and defines
MY = Tot"(... = F} = Fy — 0)

so that
C=Tot"(... = F, = Fy = M —0)
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is contraacyclic by [Pos18, Lemma 4.2.2]. Note that, since for the ring R,, the classes of
free and cofree modules coincide, a product of free modules is still a free module. For the
same reason, any R,-module admits an injective map into an R,-free module and the
argument above dualizes to obtain a triangle

B — M — M — BJ[1]
with
M@ = Tot®(0 — F) = F| — ...)

where each F] is R,,-free such that
B=Tot(0 > M — F), — F —...)

is coacyclic.

3.6.2 Derived functors of the reductions

Consider the functor
Cokert: Mod A,, — Mod A,

and denote it with @ for simplicity.

The categories Mod A,, and Mod A are dg categories, but their underlying categories
Z%Mod A,,) and Z°(Mod A) have a natural abelian structure. Seen as a functor between
abelian categories, the functor @ is right exact and as such we are interested in its left
derived functors. Although we have not shown the category Z°(Mod 4,,) to have enough
projectives, R,-free modules are adapted to @) and there are enough R, -free modules, so
the left derived functors exist. The next proposition gives a proof of this fact by explicitly
describing the higher derived functors.

Proposition 3.6.4. The functor Q admits left derived functors L'Q defined as

Q(M) fOT’ i =0,
. Ker tM 3
L'Q(M) = L for i odd,
Kerth, .
i for i >0 and even.

Proof. We show that, by setting L°Q = Q and L‘Q as above, the collection L*Q gives a
universal homological d-functor. Let

0O0—-M-—-N-—=>L—0

be a short exact sequence of A,-modules. Consider, for any A,-module K, the complex
of A,,-modules

K= K45 KS KL K S0
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By definition, one has H'K' = Q(K), H7'K' = L'Q(K) for i > 0. Since the morphisms
M — N and N — L are morphisms of A,-modules, they commute with the action of ¢
and induce a short exact sequence of complexes

0— M'— N' - L'—0.
The long exact sequence in homology reads

. Kert} R Kert,, R Kerty R Kerty, . % o N L
’ tL tn M t"N tnL tM tN tL

Since everything is functorial, we have proven that our candidate derived functors give
rise to a d-functor. To show that it is universal, we use the fact that it is coeffaceable:

indeed, if an A,-module M is R,-free then Ii‘ifl\t/j“ = Kzé}”g = 0 and, as shown in the
proof of [Pos18, Theorem 4.2.1], any cdg A,-module admits a surjection from an R, -free
module. O

Since L'‘Q(F) = 0 for all R,,-free modules F and i > 0, to compute L*(M) it is enough
to take an R,,-free resolution

.= Fy = Fy — M — 0,

apply the functor @ term-wise and read the functor L!Q(M) as the horizontal cohomology
of the complex of A-modules

.= Q(F) = Q(Fy) — 0.

Deriving the right adjoint
Denote by K the functor Kert: Mod A,, — Mod A. The functor K is left exact, and the
arguments of the previous sections dualize to show that K admits right derived functors.

Proposition 3.6.5. The functor K admits right derived functors R'K, and one has
K(M) fori=0,

) . Kert% )
R'K(M) = R'K(M) = tMM for i odd,

Ker t]u
tn M

for i >0 and even.

Peculiarly, it turns out that the right derived functors of K coincide up to a shift in
periodicity with the left derived functors of Q.

We can now prove the main result of this section.

Proposition 3.6.6. Any n-acyclic A,-module is semiacyclic both as a comodule and as
a contramodule.
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Proof. Assume that M is an n-acyclic A,-module, and consider the triangle (3.12). Since
C is contraacyclic it is in particular semiacyclic as a contramodule, and in order to prove
that M is semiacyclic it will be enough to prove that

MY = Tot"(... = F| = Fy — 0)
is semiacyclic. This, since M is R,-free, is equivalent to Q(M™) being acyclic. Clearly
QM™) = Tot"'(... = Q(F1) = Q(Fo) — 0)

and by [EM62, Proposition 6.2] we can compute the cohomology of the total complex by
taking first horizontal and then vertical cohomology. The horizontal cohomology com-
putes the derived functors L‘Q(M), so the first page reads

L*Q(M) L'Q(M) LOQ(M).

Since M is n-acyclic we know that L°Q(M) = Q(M) is acyclic; similarly, it is straight-
forward to see that since M is n-acyclic L'Q(M) is also acyclic for i > 0 so we are done.
The argument for semiacyclicity as a comodule is dual. O

Remark. If A, has no curvature one can give a different proof of this fact, at least for
semiacyclicity as a contramodule. First of all observe that, since M is n-acyclic, it is
enough to prove that Q(C) is acyclic to conclude that Q(M™) is acyclic. Then, consider
the dg A,,-module

Ln=Tot®(0 = A, 5 A, 5 A, 5 A, — ).

The module L,, is A,-free, so by [Posll, Theorem 3.5.1] since C' is contraacyclic we know
that Homa, (L, C) is acyclic. Explicitly, we have

Homa, (L, M) = Tot"(... 5> C 55 04 0 —0)

and we can again compute its cohomology by taking first horizontal and then vertical
cohomology. The first page is

Kerte Kertg Kerte C
tnC tC tnC tC

with the natural vertical differentials. Since M is n-acyclic and M is R,-free one has

that % and K?th are acyclic; the second page then reads
C
0 0 0 H®*—
tC
SO % has to be acyclic. This proof does not generalize well to the curved case due to the

difficulty of finding explicit noncontractible R, -free cdg A,-modules.

We have then proven the following:

Corollary 3.6.7. The semiderived category D% (A,) is a quotient of the n-derived cate-
gory D"(A,).
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Explicitly, the semiderived category D (AS°""2) is the quotient of D™(A,,) by (the closure
under filtered quasi-isomorphisms of) the contraacyclic modules; similarly the semiderived
category DS1(AS°) is the quotient of D™(A,,) by the closure of the coacyclic modules.

Corollary 3.6.8. The quotient functor D™(A,) — D% (A" aqdmits a left adjoint fr,
defined by assigning to a module M its free resolution M™. Dually, the quotient functor
D"(A,) — DSY(AS) admits a right adjoint cf, defined by assigning to a module M its
cofree resolution M.

Proof. We prove the first statement, the second being dual. The claim will follow once
we prove that Hompn(4,)(F,S) = 0 as soon as F is R,-free and S is semiacyclic as
a contramodule, since at that point we will be able to use the triangle (3.12) to apply
Proposition 2.1.1. Any morphism F' — S in D"™(A,,) can be represented as a roof F' —
M < S where both arrows are morphisms in Hot(4,) and S — M has n-acyclic cone;
since S is semiacyclic as a contramodule, by Proposition 3.6.6 so is M. We will then be
done if we prove that any closed morphism between an R,,-free A,,-module and a module
which is semiacyclic as a contramodule factors through an n-acyclic module. The proof of
this fact is essentially contained in [Pos18]; indeed by the discussion in the proof of [Pos18,
Theorem 4.2.1] the class F of modules M for which any closed morphism F — M from
an R,-free module factors through an R, -free n-acyclic module is closed under cones; it
is also shown there that any morphism F' — C where C' is contraacyclic factors through
an R,-free contraacyclic module, and since any R,,-free contraacyclic module is n-acyclic,
all contraacyclic modules lie in F. Finally, all R,,-free n-acyclic modules lie in F — just

take the trivial factorization F — N % N - so the class F contains all the modules that
are semiacyclic as contramodules and we are done. O

Recall the functor ¢: DS{(AE»-&) — D"(A,,) defined after Lemma 3.6.3.

Corollary 3.6.9. The functor ¢ coincides both with the composition
Dsi(Agn —fr) :> Dsi(A;:Lontra) E‘) Dn(An)

as well as with the composition

DS(ARnfr) 3 Doi(A) & D(4,,).

In particular, it is fully faithful and admits both a left and a right adjoint.

Proof. This follows from the fact that if M is R,-free, then one can take M = Meofr =
M. O

In other words, DS'(A,,) identifies with the R,-free part of D"(A,,). It is straightforward
to see that the functors L’Q carry n-acyclic modules to acyclic modules, and thus define
functors D"(A,) — D(A). It turns out that we can fully characterize the semiderived
category in terms of the functors L*Q. Let us assume for simplicity that n = 1.

Proposition 3.6.10. The subcategory DS (A;) C D'(A}) coincides with the kernel of the
functor L'Q: D'(A;) — D(A).
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Proof. We have already shown that the subcategory Ds!(A;) C D"(A;) coincides with the
class of all modules which, up to filtered quasi-isomorphism, are R;-free. If M € Mod A;
is Rj-free, it is clear that L'Q(M) = 0. Vice versa, assume that L'Q(M) is acyclic.
Then, via the usual R;-free resolution, we have an R;-free module M™ with a morphism
M — M whose cone is isomorphic to

C=Tot"(... = F| = Fy — M).
We have that
Q(C) = Tot"(... = Q(F1) — Q(Fp) — Q(M)).
Since L'Q(M) is acyclic and L'Q(M) = L'Q(M) for all i > 0, by the same spectral
sequence argument as in Proposition 3.6.6, Q(C) is acyclic. Then, since L'Q(M™) = 0,
we get that L'Q(C) = K‘zr% is acyclic. Finally, by the short exact sequence

Kertc C
e —>ﬁ—>t0—>0

we get that C is l-acyclic and M™ — M is an isomorphism in D!(A4;). O

0—

The case n > 1 is analogous, with the semiderived category coinciding with the inter-
section of the kernels of the first derived functors of the reductions Cokert': Mod A4,, —
Mod A;_1. We omit the proof.

Remark. One might wonder whether the two subcategories D%'(A,,) and D""1(4,,_;)
generate D™(A,) in any way. This is indeed the case for uncurved deformations, but
not in general. As is explained in [Pos18, Example 5.3.6] the semiderived category
of the deformation k,[u,u"!] from Example 3.2.2 is the zero category; on the other
hand, we know from Theorem 3.5.7 that D(k,[u,u~!]) cannot coincide with its sub-
category 11 D(k[u,u~?]) since their quotient is nontrivial. In fact, one can prove that if
the semiderived category is “large enough”, i.e. there exists a module M € Ds'( AL -fr)
such that Q(M) is a compact generator of D(A), then the deformation A,, is appropri-
ately equivalent to an uncurved deformation (see [LVdB15] for a similar argument). This
perspective will be further developed in future work.

3.7 A model structure

In this section we show the existence of a cofibrantly generated model structure on
Z%(Mod A,,) presenting the n-derived category, which generalizes the classical projec-
tive model structure; just like the construction of the resolutions, this will pass through
a relative version of the relevant classical construction. The proofs in this section follow
closely those presented in [CH02], which hold in the case of complexes of objects in an
abelian category; the main points in which our proofs deviate from [CH02] are the proofs
of Lemmas 3.7.7 and 3.7.8, together with Proposition 3.7.10.

Let X be a set of finitely presented cdg A,-modules; since each X € X’ is finitely presented,
Hom 4, (X, —) commutes with directed colimits.

Definition 3.7.1. A closed morphism f: M — N is an X' -equivalence if
fu: Homy, (X, M) — Homyu, (X, N)

is a quasi-isomorphism for all X € X.
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If M is any cdg A,-module, denote by Cjs the module Cone(idys), so that there is a
natural closed morphism M — Cj;. Our first goal is to show the following:

Proposition 3.7.2. The category Z°(Mod A,,) admits a cofibrantly generated model
structure where the weak equivalences are the X -equivalences, the fibrations are the mor-
phisms f: M — N for which

f«: Homy (X, M) — Homy, (X, N)

is surjective for all X € X and the cofibrations are the maps with the left lifting property
with respect to the acyclic fibrations. The generating cofibrations and generating acyclic
cofibrations are given by the sets

I = {X[l] — CX[Z]}XEXJEZ and J = {0 — CX [l]}XeX,leZ-

The argument is similar to the proof of [CH02, Theorem 5.7] and follows from an ap-
plication of the so-called recognition lemma; to state that, we will need the following
definition.

Definition 3.7.3 ([Hov99, Definition 2.1.7]). Let S be a set of morphisms in a category
C. Define the class S-inj as given by the morphisms with the right lifting property with
respect to each map in S; the class S-cof as given by the morphisms with the left lifting
property with respect to the maps in S'-inj, and the class S-cell as given by the maps
obtained as transfinite compositions of pushouts of coproducts of maps in S.

Note that in general, S-cell C S-cof. We can now state the recognition lemma.

Proposition 3.7.4 ([Hov99, Theorem 2.1.19]). Let C be a complete and cocomplete cat-
egory, let W be a class of morphisms that is closed under retracts and satisfies the two-
out-of-three property, and let I and J be sets of morphisms whose domains are small with
respect to (respectively) I-cell and J-cell such that:

o [-inj = J-injnW;
o J-cell C I-cof NW.

Then C admits a cofibrantly generated model structure with I as generating cofibrations,
J as generating acyclic cofibrations, and W as weak equivalences.

In particular, it follows from [Hov99, Proposition 2.1.18] that the cofibrations are the
retracts of maps in I-cell and the acyclic cofibrations are retracts of maps in J-cell. To
apply Proposition 3.7.4 in our setting, we will need the following lemma.

Lemma 3.7.5. Let I and J be as in Proposition 3.7.2. A closed morphism A % B has
the right lifting property with respect to the maps in J if and only if the map

fv: Homy (X, A) — Homy, (X, B)

is surjective for all X € X; it has the right lifting property with respect to the maps in I
if and only if f. is a surjective quasi-isomorphism.
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Proof. Let X € X. We first prove the statement about J; a diagram of the form

0o—— A

L

CX4>B

corresponds to the choice of a (not necessarily closed) degree 0 map X - B; a lift then
corresponds precisely to a map X — A which is sent to = via f,; hence, f, is surjective
in degree 0. To see that this holds in arbitrary degree, just consider the various shifts
of the maps in I. In the rest of this section we will omit this “shifting” step, and will
usually not mention the degree of the various maps. The converse is shown by the same
argument.

Let us now show that having the right lifting property relative to I implies that f, is a
surjective quasi-isomorphism; assume that A J, B has the right lifting property relative
to I. First, we prove that f, is surjective on closed maps: any closed morphism X = B
defines a diagram

X —"54

L n J

Cx 20 (,0)

A lift Cx — A then defines a closed map X — A mapping to x via f,. To see that f,
is surjective on arbitrary morphisms, let X % Bbea (not necessarily closed) map; then
dy is closed, and by the previous step there exists a closed map X = A which lifts dy.
Hence the diagram
X —2— A
f
d
Cx (y,dy) B

commutes, and a lift of this diagram yields a lift of X — A of y. Since f, is surjective
on cycles it’s also surjective in cohomology, so all that’s left to show is that it’s injective
in cohomology. Given a closed map X = A such that fz = dy for some B % A, the
diagram

X - A

Lol

d
Cx (y,dy) B
commutes. Now a lift provides a map X = A such that dz = z, i.e. f, must be injective
in cohomology. To show the converse, we need to show that if f, is a surjective quasi-
isomorphism then any diagram of the form

X XA
CJ/X (y,dy) J'f

admits a lift; commutativity here corresponds to the fact that fz = dy. A lift corresponds
to a map X = A such that dz = 2 and fz = y. Since f, is injective in cohomology, there
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exists a map X 2> A such that dz; = z. Now y — fz; may not be zero, but since
dly — fz1) = dy — fdz1 = fx — fx =0, it is a closed map; hence, there exists a closed
map X 23 A such that fzo =y — fz1. Therefore, z = 21 + 25 gives the desired lift. O

Proof of Proposition 3.7.2. Take as W the class of X-equivalences and I, J as already
described. The category Z°(Mod A,,) is both complete and cocomplete, and it is clear
that W is closed under retracts and satisfies that two-out-of-three property. Since the
domains of the morphisms in I and J are finitely presented, they are small relative to any
class of morphisms. It follows immediately from Lemma 3.7.5 that I-injN\W = J-inj, so
the only thing left to prove is that J-cell C I -cof NW. Since Cx is contractible, a pushout
of coproducts of maps in J will always be of the form X — X & C for some contractible
module C; hence, the same can be said for a transfinite compositions of map of this
kind. This is always a homotopy equivalence, so in particular an X-equivalence. Again
by Lemma 3.7.5 we know that I-inj C J-inj so J-cof C I -cof; since J-cell C J-cof, we
get that J-cell C I-cof and by Proposition 3.7.4 we are done. O

Applying Proposition 3.7.2 to the set X = {T'g,...,[',,} we obtain

Proposition 3.7.6. The category Z°(Mod A,,) admits a cofibrantly generated model
structure where the weak equivalences are the n-quasi-isomorphisms. The fibrations are
the morphisms f: M — N such that the induced map Kertl, — Kert; is surjective for
alliel,...,n+1.

Proof. To verify the description of the fibrations, the only thing that must be checked is
that a morphism f: M — N is a fibration for the model structure given by Proposition
3.7.2 if and only if the induced morphism Kert}, — Kert}; is surjective for all 7. This
follows immediately from the isomorphisms of graded modules

Hom , (T, M) = Kertyr and Hom g, (T';, M) = Ker tiF @ Kerth,;[~1] for i > 0.

We are left with characterizing the cofibrations.

Lemma 3.7.7. Any cofibrant A, -module is n-homotopy projective; that is, any closed
map from a cofibrant module to a n-acyclic module admits a nullhomotopy.

Proof. Let @ be a cofibrant module. If N is an n-acyclic module then the natural mor-
phism Cn[—1] — N is an acyclic fibration, and since @ is cofibrant any morphism @Q — N
admits an extension @ — Cn[—1] i.e. a nullhomotopy. O

Lemma 3.7.8. Given a fibration M — N, any arbitrary (not necessarily closed) mor-
phism Q — M with a cofibrant domain admits* a lift Q@ — N.

Proof. This follows from the fact that arbitrary morphisms ) — M correspond to closed
morphisms @ — C)y; since Cjy is contractible, the map Cjy; — Cpy induced by M — N
is an acyclic fibration and since @ is cofibrant the required lift exists. O

4This is the appropriate version of the notion of graded projectivity.
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Proposition 3.7.9. In the model structure of Proposition 3.7.6, the cofibrations are the
graded split monomorphisms with coftbrant cokernel.

Proof. Let A % B be a cofibration; to construct a splitting, observe that the object C4
is contractible and, therefore, the terminal map C4 — 0 is an acyclic fibration. Now a
lift to the diagram

A—— CA

2
. .
i e l
.
P

B— 0

gives a (not necessarily closed) splitting for i. To see that a cofibration has cofibrant
cokernel, we use that those, by [Hov99, Corollary 1.1.11], are closed under pushouts. Since
cokernels are pushouts, any cofibrations has cofibrant cokernel. To show the converse,
we need to prove that any map A — B which is a graded split monomorphism with
cofibrant cokernel has the left lifting property with respect to any acyclic fibration X 2 Y.
Choosing a splitting for i we can write B as Cone(7) for some closed map C =+ A, where
C' is the cofibrant cokernel of 4; this way, ¢ corresponds to the inclusion A — Cone(r).
Consider the diagram

A1 x
| g
Cone(r) —— V.

The map g corresponds to a pair (pf,«), with a a morphism C' — Y with the property

that da = pfr; a lift h of g will then be given by a pair (f, 5) where C % Xisa map
with the property that pf = o and df = f7. Using Lemma 3.7.8, we can lift « to a (not

necessarily closed) map C' - X with the property that py = a. Denote with K END'S
the kernel of p; setting § = dy — f7, one sees that pd = 0 and thus ¢ lifts to a closed

map C 5 K such that jF = 4. Since K is n-acyclic, by Lemma 3.7.7 there exists a map
C B K such that dD = F. The map 8 = — jD now defines the desired lift. O

Proposition 3.7.10. A cdg A,,-module is cofibrant according to the model structure de-
scribed in Proposition 3.7.6 if and only if it is a retract of an n-semifree module.

Proof. The modules I'; and their shifts are cofibrant because they are the cokernels of
the generating cofibrations, thus so is an arbitrary coproduct of them. If P is an n-
semifree module, by Proposition 3.7.9 the inclusions F;P — F; 1P are cofibrations so
their transfinite composition 0 < P is also a cofibration, hence P is cofibrant. Vice versa
if @ is cofibrant, the resolution Py — @ given by Corollary 3.3.9 is readily seen to be an
acyclic fibration, and we know that Py is n-semifree. Since @ is cofibrant, the diagram

O‘)PQ

.

Q%Q

admits a lift, i.e. @ is a retract of Py.
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It is well-known that the category Z°(Mod 4,,) admits a cofibrantly generated model
structure with weak equivalences given by the quasi-isomorphisms and fibrations given
by the surjective morphisms. For that model structure, both the adjunctions

Kert F
Mod A =—— Mod 4, d MdAﬁ Mod A,
(0] = (6] aln (0] (6]

oker t
are Quillen adjunctions.

Proposition 3.7.11. The model structure on Z°(Mod A,,) is obtained by right transfer
from the one on Z°(Mod A) along the adjunction

Mod A # Mod A4,,.

oker ¢

Proof. We have to prove that a closed morphism f: M — N in Z°(Mod A) is a fibration or
a weak equivalence precisely when its image via the forgetful functor is. It is immediate
to see that the forgetful functor preserves and reflects weak equivalences, so the only
question is about the fibrations; this follows from the fact that if M is in the image of F',
then Kerty, = M for all i > 0. O

3.8 The formal case

In this last section we consider the case of a formal deformation A; over the formal power
series ring k[[t]]; it is well known [AJLI7; DG02; PSY14; Pos16; LVdB15] that for formal
deformations the correct category to consider is not the classical derived category. Indeed
the theory developed in the artinian case does not generalize verbatim to the formal case
because in general, the formal analogue of Lemma 3.1.2 does not hold: indeed for any
torsionfree A;-module M — take for example any k[[t]]-free module — one has Kert{, = 0
for all 4, so no information can be inferred on Gry(M) just by knowing Gry (M). Similarly,
for any t-divisible A;-module — for example, any k[[t]]-cofree® module — one has that
Gry (M) = 0 regardless of the acyclicity of Grg (M). Therefore to get a meaningful theory
we have to place ourselves in a setting where some (homological) form of Nakayama’s
lemma holds. In this paper we restrict to studying the simpler torsion case, although we
do expect that a parallel construction of a filtered derived category of k[[t]]-contramodule
A;-modules (a version of the complete derived category) is also possible, together with
an appropriate version of the co-contra correspondence.

Definition 3.8.1. A k[[t]]-module M is torsion if for every m € M there exists an n such
that t"m = 0. An A;-module is torsion if it is torsion as an k[[t]]-module. The dg category
Mod A,*" is the full dg subcategory of Mod A; having as objects the torsion A;-modules;
we will denote by Hot(At)tor the corresponding triangulated homotopy category; since
a coproduct of torsion modules is still a torsion module, Hot(At)tor is a triangulated
category with arbitrary coproducts.

If k[t] is the coalgebra whose linear dual is the algebra k[[t]], k[t]-comodules coincide
with torsion k[[t]]-modules. For torsion modules a version of Nakayama’s lemma holds: if
Kertys is the zero module, then so is M.

5The relevant notion of cofreeness is that of [Pos18]; the prototypical example of a cofree module is
the k[[t]]-module k((t))/k[[t]].
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Definition 3.8.2. A torsion A;-module is said to be t-acyclic if Grg (M) is acyclic; it
is said to be t-homotopy projective if Homy, (M, N) is acyclic for any t-acyclic torsion
module N.

The following should be understood as a homological version of Nakayama’s lemma for
comodules/torsion modules.

Proposition 3.8.3. If M is a t-acyclic torsion As-module, then Gry(M) is acyclic.

Proof. We first prove that t% is acyclic; let t = m +tM € t% be a closed element, i.e.
such that dm = tk for some n. Since M is torsion, there exists an integer N such that
Ker tﬁ
 tKerth

m, k € Kert). Since M is t-acyclic, Kert}, is (N — 1)-acyclic so, in particular

KertAN4
tKertd,’

that m — d(l) € tKert}; C tM; hence % is acyclic. To conclude that all the graded

pieces are acyclic we can reason by induction using the short exact sequence

is acyclic; being m +t Ker t}; a closed element in there exists an [ € Ker t}; such

ti=1Kertl, t71M , M

— - — — - — — 0.
ti Kertht! t'M titi N

O

In particular, this tells us that we could have defined a module M to be t-acyclic if both
Gri (M) and Grg (M) are acyclic. On the other hand, since any k[[t]]-cofree module is
both torsion and divisible, there are plenty of examples of torsion modules for which the
converse does not hold.

Definition 3.8.4. The t-derived category of torsion modules D'(A;)"" is defined as the
quotient of the homotopy category Hot(An)tO]r by the t-acyclic modules.

Since Grg (—) commutes with coproducts, the torsion ¢-derived category is a triangulated
category with arbitrary coproducts.

Proposition 3.8.5. The modules T,T,... € Mod A,*" are t-homotopy projective com-
pact generators of the category Dt(At)tor

Proof. The deformation A; induces by truncation infinitesimal deformations A,, = tnfi{At

of any order n > 0; like in the infinitesimal case, there is a fully faithful restriction dg
functor
A, Mod — A; Mod""

which has a right adjoint constructed by assigning to a torsion cdg A;-module M the
A,-module Ker t?jl. Essentially by definition, a torsion A;-module M is t-acyclic if and

only if Ker tﬁfl is m-acyclic for all n > 0. Hence if M is t-acyclic, one gets

Homy, (T';, M) = Hom 4, (Fi,Kerté\}'l)

which is acyclic since T'; is homotopy projective as an A;-module; hence, each T'; is t-
homotopy projective. Since the functor Kert’ for any j > 0 commutes with coproducts,
they are also compact (see also the proof of Proposition 3.2.4). To see that they generate



3.8. THE FORMAL CASE 61

D'(Ay)"™", observe that if Hom 4, (I';, M) is acyclic for all i, then for any n > 0 and i < n
one has that
Hom , (T;, M) = Homp,, (T, Ker t7/™)

is acyclic, and by Theorem 3.2.5 this implies that Ker t’fjl is n-acyclic. Therefore since
Ker t’jjl is n-acyclic for all n, the A;-module M must t-acyclic and we are done. O

In other words, the category Dt(A,g)tor is the colimit in the category of presentable oco-
categories (which in this case is the closure under colimits of the naive colimit) of the
system of embeddings

D(A) = Di1(A;) = ... D"(A,) = ...

Remark. Like in the artinian case, Proposition 3.8.5 implies that the quotient Hot(An)tO]r —
D'(A,)"" has a fully faithful left adjoint.

The definition of the semiderived category D®(AS°) with comodule coefficients in the
formal setting is essentially the same as the one given in Section 3.6: it is defined as the
quotient of the homotopy category of k[[t]]-cofree torsion A;-modules by the subcategory
given by the modules with acyclic reduction ([Pos18, Section 2.3]). This can also be shown
to be equivalent to the quotient of the homotopy category of torsion A;-modules by the
subcategory given by the modules that are semiacyclic as comodules ([Posl8, Section
4.3]).

Proposition 3.8.6. There is a left admissible embedding DS (AS°) — Dt (A)"".

Proof. This has essentially the same proof as in the artinian case, the only modification
being the fact that the right derived functors of the left exact functor

Kert: Mod A4,'°" — Mod A

are now R'K (M) = % and R'K = 0 for i > 1. To see this, one uses the existence for
every short exact sequence

0-M-—-N—->L—-0
of the short exact sequence

M N L
0 — Kerty — Kerty — Kerty, + — = — — — — 0
eripng erin eriy, M N L
and the fact that any torsion A;-module admits an inclusion into a k[[t]]-cofree, and thus

divisible, A;-module. O

In the case where A; is a dg algebra then, as discussed in [Pos18, Section 0.16], a complex
of k[[t]]-cofree k[[t]]-modules has acyclic reduction if and only if it is itself acyclic. Note
that one implication — that is, the fact that acyclicity implies acyclicity of the reduction
— relies crucially on the fact that the algebra k[[t]] is regular; see Example 3.1.1 for a case
where that implication fails in a singular setting. Hence, the semiderived category with
comodule (torsion) coefficients coincides with the classical derived category of torsion
modules; note that the restriction to k[[t]]-cofree modules does not create issues, since
any (torsion) module admits a k[[t]]-cofree resolution. It then follows that the (torsion)
derived category of A; can be identified with a left admissible subcategory of Dt(At)tor.
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3.9 Construction of the injective resolutions

In this section we prove the existence of n-homotopy injective resolutions of A,-modules
(Proposition 3.9.5). By definition, an n-homotopy injective resolution of an A,-module
M is given by an n-homotopy injective module I equipped with a n-quasi-isomorphism
M — I. Just like in the classical case this is a bit more delicate than the projective case,
and will require some auxiliary constructions.

Left modules

Everything that we have proven up until this point for right A,-modules also holds, with
opportune modifications (mostly of signs), for left A,-modules; denote by A, Mod the
dg category of left cdg A,-modules. We have n + 1 left A,,-modules Dy ... D, - defined
in the same way as the right modules T'; except for the fact that § acts on the right in
the twisting matrix - which generate the n-derived category of left A,-modules. In this
setting, n-cell modules are those built out of the modules D; and like in the case of right
modules, any left module M admits an n-cell resolution P — M.

Linear duality

Denote by ModZ the dg category of complexes of abelian groups, and as usual with
Homyz(X,Y) the complex of Z-linear morphisms; define the linear duality functor (—)
as Homg(—,Q/Z). One sees that if M is a left A,-module, M" has a natural structure of
a right A,-module and vice versa. Since Q/Z is injective as an abelian group, the functor
(—)V is exact; using in addition the fact that MY = 0 implies M = 0, we get that the
linear duality functor reflects exactness.

Applying the functor (=) to the exact sequence

0= Kerf2 M- N Coker f =0

one obtains, for any morphism f, natural isomorphisms

Ker f¥ = (Coker f)" and (Ker f)¥ = Coker f". (3.13)
If M is a - either left or right - A,,-module, there is a canonical evaluation morphism

evy: M — MY = (MY)Y
m — [ = n(m)]

which is easily seen to be an injective closed morphism of A,-modules. Moreover, as a
consequence of the isomorphisms (3.13), there is a natural isomorphism (Coker d;)YV =2
Coker dpsvv under which the map evcokerd,, corresponds to the map induced by evs

between the cokernels of the differentials. Since eviokerd,, is injective, we get that evys
induces an injective map between the cokernels of the differential.

Definition 3.9.1. Define the right A,-modules I'; = DY. A right A,-module is said
to be n-cocell if it lies in the minimal triangulated subcategory of Hot(A,,) containing
I'g, ..., Iy which is closed under products.

It is straightforward to see that if an A,-module P is n-cell, then PV is n-cocell.
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Auxiliary functors

Define the functors F;: A, Mod — ModZ and Q;: A, Mod — Mod Z as
FZ(M) = HOHIA" (DZ, M), QZ(M) = DZ ®A” M;
note that the tensor product of a right cdg module with a left cdg module is by definition

a complex. Explicitly, F;(M) is given by the qdg module Ker té\}'l & Ker th,[—1] twisted
by the matrix (3.2) while Q;(M) is the qdg module - & #4-[1] twisted by the matrix

TN
0 mo#
t 0

is induced by the action of ¢, and =:

M
tt M

M

where ¢: % — T % is the natural

projection.
Lemma 3.9.2. An A,-module M is n-acyclic if and only if the A,-module MY is n-

acyclic.

Proof. Using again the isomorphism (3.13) one sees that the linear duality functor ex-
changes the graded pieces of the t-adic filtration and the K-filtration, giving isomorphisms

; v v 1+1
. u o _ 1. Kertifl
< ) _ (Ker I ) ~ Coker(Ker thy, — Kertifl) = o MY

tit M tHIM M - Kert,,
(3.14)
and
Ker ti1\ , Y MY MY Y
(KertiM = (Coker(Kert}; — Kert)jf')) " = Ker Y R ) T
(3.15)

If M is n-acyclic, by (3.14) and the fact that (—)V is exact we get that MV is also n-
acyclic. The other implication follows from the same argument together with fact that
(=) reflects exactness. O

Lemma 3.9.3. The functors F; and Q; have the following properties:

1. There are natural isomorphisms
Fi(M)Y = Qu(M") and Qi(M)" = Fy(M"). (3.16)
2. Under the isomorphism Q;(M)VV = F;,(MV)YV = Q;(M"V) the map

Qi(evar): Qi(M) — Qi(M™Y)

corresponds to
evQ, ()t Qi(M) — Qi(M)"Y.

In particular, Q;(evyr) is injective and induces an injection between the cokernels
of the differentials.

3. The functors Q; are right exact and preserve products;
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4. An A, -module M is n-acyclic if and only if Q;(M) is acyclic for all i.

Proof. The proofs of points 1) and 2) consist only in writing down the explicit forms of
F; and @; and repeatedly applying the isomorphisms (3.13). The fact that @Q; preserves
products follows again from the fact that A; is finitely presented as an A,-module, so
the functor A; ®4, — preserves products. Since F; is defined as a hom-functor it is left
exact, and the fact that @; is right exact follows then from point 1) together with the
fact that the linear duality functors preserves and reflects exactness: this proves point 3).
Finally, point 4) follows again from point 2) together with the facts that the modules D;
are n-homotopy projective generators of the n-derived category and Lemma 3.9.2. O

Lemma 3.9.4. Any n-cocell module is n-homotopy injective.

Proof. This will follow once we prove that the modules I'; = D) are n-homotopy injective.
For that, we use that there are isomorphisms

Homa, (M, D;) = Homa, (D;, M")
defined by assigning to a morphism f: M — D) the morphism

D; — M"Y = Homyz(M,Q/Z)
r— [m— f(m)(r)].

The claim then follows from Lemma 3.9.2. O

As before, an n-cocell resolution is a closed morphism of A,-modules M — I where I
is m-cocell with n-acyclic cone; it is clear that an n-cocell resolution is in particular an
n-homotopy injective resolution.

Construction of the injective resolutions

We are now ready to prove the following fact:

Proposition 3.9.5. Any A, -module M admits an n-cocell resolution M — I.

Proof. Consider the left A,-module M"Y; recalling that F;(—) = Homa, (D;,—), apply to
MY the version for left modules of Lemma 3.3.8 with X = {Dy, ... D, } to obtain a closed
morphism
P4 MY
with P € n-cell such that F;(P) i) F;(M) and Ker dp, (p) B Ker dp, (M) are surjective
for all 4. Dualizing, we get a map
MYV Es pY

Fi(p)¥ Fi(p)”
(_>) (

with the property that F;(MY)Y Fi(P)Y and (Kerdg,(vy)” ® (Kerdp,(mvy)Y
are injections. Using Lemma 3.9.3 1) and the fact that under the isomorphism (3.16) we
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have Fj(p)Y = Q;(pY), we get that p¥ induces injections Q;(M"V) k") Q;(PY) and
Q

oV
Coker dgy, (prvv) &) Coker dg,(pvy- Compose now p* with evy; to obtain a map

Vv
M X MV B pV,

Set PV = Ij; since evys induces injections on Q; and on the cokernels of the differentials,
we have that the induced maps Q;(M) — Q;(lo) and Coker dg, ) — Cokerdg,(1,) are
injective. Moreover since P is n-cell, Iy = PV is n-cocell. Denote by Cy the cokernel of
M — Iy; since Q; and Coker dg, (—y are right exact functors, the sequences

and
0 — Coker in(M) — Coker in(Io) — Coker sz‘(Co) — 0

are exact. Applying again the procedure described above to obtain a morphism Cy — I3,
we can iterate the construction to get a sequence

M—=Iyg—1 > 1, — ...
such that each I} is n-cocell and the sequences
0— QZ<M) — Qi(lo) — Qz(Il) — QZ‘(IQ) — ...

and
0 — Cokerq,a) — Cokerg,(1,) — Cokerg, 1,y — Cokerg, 1,y — ...

are exact. Setting I = TotH(I.), we have a natural map M — I whose cone is isomorphic
to
T=Tot"0O=>M—>Io =15 =L —...);

Since ); commutes with cones and products, we get that
Qi(T) 2= Tot™(0 = Qu(M) = Qi(Lo) = Qi(1) = Qi(L2) — ...)

which by [Sta, 09J0] is acyclic; therefore T is n-acyclic, and M — I is an isomorphism in
D"™(A,). The proof that I is n-cocell is completely dual to the projective case, consisting
of an application of the dual of Lemma 3.3.3 (see [Sta, 09KR]). O

This concludes the proof of Proposition 3.3.15. We also obtain:

Corollary 3.9.6. The classes of homotopy injective and n-cocell modules coincide. In
particular if M is an n-homotopy injective A,-module, then Gry(M) and Grg (M) are
homotopy injective A-modules.

Remark. The fact that our construction for injective resolutions is somewhat more in-
volved than the one for projective resolutions is due to the fact that, while the generators
I'; are compact, the cogenerators I'} are not cocompact - cocompact objects rarely exist
in module categories. This is why we had to introduce the functors @;; indeed while the
complex Homa, ([T, Mk, T'}) = Q;(I1;, Mi)¥ seems hard to control, the fault lies only in
the linear dual - once we manage to get rid of it, the functor @Q; is as well behaved as one
could hope.


https://stacks.math.columbia.edu/tag/09J0
https://stacks.math.columbia.edu/tag/09KR
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Just like we could have proven the existence of projective resolutions using Brown rep-
resentability, it is possible to use a similar strategy for injective resolutions; however,
since as we discussed the cogenerators I'; are not cocompact, some care is needed. The
correct ingredient to use would seem to be the notion of 0-compactness introduced in
[OPS19] which is strictly related to the fact that, while it is not possible to write down
Homy, ([T, Mk, T}) in terms of Homy, (My,I'}), it is true that if @, Homy, (My,I';) is
acyclic the same is true for Homy,, (][], Mk, I'}) and vice versa. Using the fact that the
modules I'f are 0-cocompact, Theorem 6.6 of [OPS19] yields the existence of the desired
resolution.
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Extensions of triangulated categories

In Chapter 3 we introduced the 1-derived category of a first order deformation A; of A,
and showed that it admits a semiorthogonal decomposition that leads to considering it as
a deformation of the derived category of D(A). The goal of this chapter is to formalize
this fact, and give a definition of (first order) deformation) of a triangulated category
which encompasses the case of the n-derived category. The idea is the obvious one: we
want to define a deformation of a triangulated category 7 as a category 7. admitting a
recollement

This alone cannot be a meaningful definition: there are too many ways to glue together
two copies of T — essentially, as many as there are functors 7 — 7. Any recollement
identifies a gluing functor and any functor can be used to construct a gluing (see Section
2.3.4). The idea is that we want the gluing functor to be the cone of a certain Hochschild
class, seen as a natural transformation

idT[fl} — idT[l].

Any Hochschild class defines a (noncanonical) functor 7 — T by choosing a cone in the
(triangulated) functor category, but in general it is impossible to recover from an object
in a triangulated category a morphism admitting it as a cone; some extra data is needed.
For us, that extra data comes in the form of an (appropriately defined) Yoneda extension
of functors

0-I—-K—->Q—->1—0

abstracting the exact sequence
0—tM — Kerty — M/tM —tM — 0

defined for any Aj-module M. Defining thus a categorical deformation of a triangulated
category 7T as a recollement together with a compatible Yoneda extension, we are able
to show the main result of this chapter (Theorem 4.1.9): any Hochschild class yields a
deformation, any deformation defines an Hochschild class and the two construction are
inverses to each other. We therefore obtain the desired bijection between HH? and first
order deformations.

67
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4.1 Categorical deformations

In this section we introduce the notion of categorical deformation of a triangulated cate-
gory (Definition 4.1.1) and show how to any deformation corresponds an Hochschild class.
From this point onward, we will implicitly assume that all triangulated categories come
with an enhancement; hence, we will use the word triangulated synonym as a synonym
to pretriangulated dg category. An exception to this rule will be given by derived cat-
egories of bimodules and quasi-functors: in that case, by D(A°? ® B) we will mean the
homotopy category of the relevant enhancement, and with Homp4orgp) (M, N) the k-
module of morphisms in the derived category. To highlight this fact, we will at times also
use the notation Extf;un(A’B)(M7 N) to signify Homp(ergg) (M, N[i]). In the same vein,
isomorphisms between quasi-functors will always mean isomorphisms in the homotopy
category.

4.1.1 Definition and basic properties

Definition 4.1.1. Let 7 be a pretriangulated dg category. A first order categorical
deformation of T consists of the following data:

1. A recollement 7. as in

with associated a: K — @

2. A Yoneda 2-extension from I to I compatible with the semiorthogonal decomposi-
tion, i.e. whose splicing sequence is of the form

0EB3KSQBE-0 (4.1)

for some 91, ds.

In other words, the deformation is given by a recollement together with two triangles
ELKSCcBEland B QB3 ES O
with the property that the composition
KSCc™RQ

coincides with o as a map in the derived category. We will routinely abuse notation and
denote with 7; the pair of recollement and extension.

From this data, we easily get a Hochschild class: we have a map ¢: E[—1] — E[1] defined

as the composition of the two boundary maps E[—1] “Llom E[1]; and we can compose
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¢ on the right with G to obtain a natural transformation EG[—1] S EG [1]; recalling now

the natural isomorphism idy 4 EG, we obtain the class
N‘T(’TE) € HH® (T) = EXtI%‘un(T,T)(idTa 1dT)

as the unique morphism idy[—1] — id7[1] in D(7°P @ T) fitting in the commutative
diagram
EG[-1] -~ EQ[1]
9 g

idr[=1] “79 iq ).

In the language of Section 2.1.4, the class pr(7:) is obtained by taking the Ext-class
associated to the extension with splicing sequence
—1
idr S kG S QG ¢ ¥ idr .
Lemma 4.1.2. If7; is a categorical deformation of a triangulated category T, then there
is a triangle
E[-1] 5 E[1] > KGE[1] 5 F (4.2)

in D(7:°° ® T). Moreover, consider the diagram

where the dotted arrows are of degree 1. Then o and w form commutative triangles with
the faces, other than (4.2), that contain them.

Proof. This is the octahedral axiom for triangulated categories. O

Composing with G and using EG 2 idy, we obtain:
Corollary 4.1.3. There is a triangle
. wr(Te) . .
idy[-1] "= idr[1] - KG[1] — idr (4.3)

in D(T*®T).
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4.1.2 Equivalences of deformations

Let 72,72 be deformations of a triangulated category 7. Consider a quasi-functor
F: 7. = T..

We will say that F' is compatible with the semiorthogonal decompositions if the diagram

T BT

idTl ) Fl ~id{

T+ T. 257

is 2-commutative, i.e. if there exist two natural isomorphisms
xg: E— EF and xg: Q — QF. (4.4)

Proposition 4.1.4. The following are equivalent:

e The functor F is compatible with the semiorthogonal decompositions;

e There exists a triangle ~ ~ R
GE — F —1QQ — GE[1]. (4.5)

in D(T:°P @ TZ).

Proof. Assume that isomorphisms as in (4.4) are given. Since 7. is a categorical extension,
there exists a triangle

GE —idz —iQ — GE[1];
composing on the right with F' yields a triangle
GEF — F —iQF — GEF|1];

under the isomorphisms (4.4), this yields the triangle (4.5). Vice versa, assume given a
triangle as in (4.5). Composing GE — F on the left with £ and using that EG = id, we
obtain a map E — EF whose cone is given by EiQ; since Ei 2 0, this is an isomorphism.
In the same way, one can compose on the left with Q to obtain a natural isomorphism

Q — QF.

O
Using the existence of the triangle (4.5) and reasoning as in the proof above, one also
proves the following:

Corollary 4.1.5. If F' is compatible with the semiorthogonal decompositions, then there
exist further natural isomorphisms

xa: G — FG and x;: i — Fi.

We will need the following technical fact:
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Lemma 4.1.6. The diagram

s

EFG
\ TEXG

commutes.
Proof. Follows from writing down the various definitions. O

Recall that the deformation 7. comes equipped with a class ¢ € Ext%un(n,T)(E,E);
similarly, 7. comes with a class [ € EXt%un(’f;,T) (E,E’) Composing on the right with
F' determines a natural map

2
Extiunz 7!

E,E) = Extiy, (. 7 (EF, EF)
while the natural isomorphism x g gives an isomorphism
Extiun (. 7 (EF, EF) 2 Extiy, o, 7, I).

We will say that a quasi-equivalence F' (compatible with the SODs) is an equivalence of
deformations if the class I corresponds to ¢ under these maps, i.e. if the diagram

E[-1] —“— E[1]
XE[—l]i JXEM (4.6)

commutes.

Remark. Tt is not strictly necessary to assume F' to be a quasi-equivalence; however, it is
always true that if a functor exists that is compatible with the SODs and that preserves
the Ext-class, then there exists a quasi-equivalence with the same properties.

Proposition 4.1.7. If there exists an equivalence between two deformations T. and 7.,

then pr(Tc) = pr(7e)

Proof. Let F be such an equivalence. By definition, the diagram (4.6) commutes, hence
the diagram

EG[-1] —“— EG[1]
xeGl-)| Jxecin
EFG[-1] “£Y% EFG[]
commutes as well. On the other hand, the diagram
BGI-1] —<— BG[
Exc[*lll léxc[ll
EFG[-1] £ EFG[1]
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commutes by naturality of 7. Pasting these and using Lemma 4.1.6, we know that the
diagram

1] —¢ EG[1
//////h leG Gl | K\\\\\
idr[-1] —— EFG[-1] “£% EFG[1] +— ids[1]
\ TEXG —1] EXG[l]T /
EG[-1] —“— EG1
commutes, i.e. pu7(T2) = pr(To). O

Definition 4.1.8. Define the set CatDefr(k[e]) as the set of categorical deformations of
T up to equivalence of deformations.

By Proposition 4.1.7, the map that assigns to a categorical deformation 7 the class
w7 (Te) descends to the quotient, defining a morphism
pr: CatDefr(k[e]) — HH?(T).

Our first main result is the following

Theorem 4.1.9. The map pr defines a bijection between HH?(T) and the set CatDefr(k[e])
of equivalence classes of categorical deformations of T .

To prove Theorem 4.1.9, we construct an explicit inverse to p7 in §4.1.3. The proof will
be completed in §4.2.

4.1.3 Constructing an inverse
4.1.3.1 The construction

Consider a class € HH?(T); we see u as a natural transformation idy[—1] £ id[1],
and complete it (non-canonically) to a triangle
idr[—1] & idy[1] 5 ¢ 2 idy
in D(T°? ® T). By construction ¢ is a quasi-functor 7 — T and we can construct the
gluing
Te=T x4 T;
this comes equipped with the various functors and natural transformations described in
2.3.4. To construct the Yoneda extension, begin by defining the natural transformation
E % K as the composition
EYS ¢E[-1] D K

where 7 comes from (2.8). Complete now 07 to a triangle
NS on .

The octahedral axiom proves:
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Lemma 4.1.10. There is a triangle
cBQBESCON. (4.7)

in D(T:°° ® T)). Moreover, consider the diagram

where the dotted arrows have degree 1. Then (3 and ns form commutative triangles with
the faces other than (4.7) that contain them.

Hence, the composition K CA cxB Q@ equals a and the two triangles
ELBKScBEIandCB3Q3ES O

give a Yoneda 2-extension compatible with the semiorthogonal decomposition. We have
thus proved:

Proposition 4.1.11. For any Hochschild class ;. € HH?(T), the category Tz constructed
above is a categorical deformation of T .

4.1.3.2 Well-definedness

In our construction we made two arbitrary choices: the choices of the cones ¢ of y and C
of d1; we will show that in each casedifferent choices give rise to equivalent deformations.
For 6y, this is very easy; since different choices of cones do not alter the underlying
category, we can pick the identity functor as an equivalence; this clearly preserves the
class ¢, since that is not altered by a different choice of cone for §;. On the other hand,
changing the choice of cone of u does change the underlying category; let ¢’ be another
choice for that cone. Then we always have a (noncanonical) isomorphism f: ¢ — ¢ in
D(T°P®T). Assume for now that this f is given by a honest map of dg bimodules; then
one can define the functor

Te xp Te = Te xg Tz
(My, Ma,n) — (My, My, f(n))
which, for the same reason as above, is readily seen to be an equivalence of deformations.

In the case where f is instead given by a zigzag of quasi-isomorphism, we simply obtain
a zigzag of quasi-functors.
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4.2 Proof of Theorem 4.1.9

In the previous section, we have shown that there is a well-defined map
HH?*(T) — CatDefr(k¢])

which assigns to a Hochschild class the gluing along its cone. In this section we show that
this gives an inverse of pr.

4.2.1 Class to class

First we have to show that if we start with a class p, take its cone ¢, construct the
gluing 7. =T X4 T and then take the class p7(7:) we recover the starting class p. This
essentially follows from Lemma 4.1.10: by construction, the class pr(7:) is obtained by
first taking the composition

E[-1]% ¢ B[

and then composing it with G. By Lemma 4.1.10 we know that n;(; = pE, so we only
have to show that the diagram

idy[—1] —£— idr[1]
g g

EG[-1] 2£% EG[

commutes; but that follows by naturality of u.

4.2.2 Deformation to deformation

We now have to prove that if we start with a deformation 7., take the associated class
wr(Te), take its cone ¢, then the gluing 7/ = T x4 T is equivalent to 7 as a deformation.

We first ought to construct a suitable quasi-functor F': 7. — T X4 T; we have the triangle

idr[-1] "V id (1] - KG[1] — idy

from Corollary 4.1.3 and, since choosing a different cone for pr(7Z) yields equivalent
deformations (see Section 4.1.3.2) we can pick ¢ = KG[1]. Denoting with 7, G, K the
relevant functors of the gluing 7 X gg1) 7, observe that Ki = KG by construction — the
composition of the two adjoints always equals the gluing functor. Recall that, by virtue
of being an extension, the category 7. comes equipped with a morphism

iQ — GE1]
in D(7:°°? ® 7). We then have

HOYHD(7;°P®7;) (ZQ, GE[]_]) =~ HOIIID(']-Eop@T) (Q, KGE[].D = HOIIID(TEop®T) (Q7 ]’?éE[l])
= Homp(1.ove(Tx k7)) (1Q, GE[L])
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whence we obtain a morphism iQ — GE [1] that we can complete to a triangle
GE — F —1iQ — GE[1].

By the same argument as [KL12, Proposition 7.7] the bimodule F is a quasi-functor. To
see that F'is a quasi-equivalence, the same process can be applied to obtain a triangle

GE — F' - iQ — GE[1]
and one sees that F’ is a quasi-inverse to F.
Remark. Heuristically, the functor F' is given by

Te—=T xgem T
M — (QM,EM,QM — KGEM]|1)]),

where the map QM — KGEDM][1] is obtained from the canonical map iQ — GEJ1] via
the isomorphism
Hom (iQ, GE[1]) 2 Hom(Q, KGE[1]).

One can then also directly show along the lines of [KL12, Proposition 4.14] that F' is an
equivalence.

To conclude, we will need the following lemma.

Lemma 4.2.1. Let 7. be a categorical deformation. Then the induced natural transfor-
mation v: E[—1] — E[1] coincides with p(T:)E.

Proof. Consider the natural isomorphism E 9% EGE. The diagram

E[-1] ~£5 BEGE[-1]

L e

E[l] —£— BEGE[]
commutes by naturality of «. The natural transformation p7(7;) is defined via the square

idr[—1] —L— EG[-1]

lwm;) Lcl

idr[1] —2— EG[1]
hence the diagram
E[-1] ~£5 EGE[-1]
J{NT(E)E JLGE
E[] —£ BEGE[]

must commute. Pasting these we obtain a commutative diagram

E[-1] £ BGE[-1] +Z- B[-1]

lum;)E. LGE l

B[] —2£ BGE[) £ — E[)

Since the horizontal arrows are isomorphisms, we get the claim. O
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Remark. For the proof we never used that 7. was a deformation, but only that it is an
extension. Indeed the same proof shows that any natural transformation £ — E can be
recovered from the induced map idy &£ EG — EG ¥ idy.

We can now prove that F' is an equivalence of deformations. The goal is to show that the
diagram
Fl-1] - EF[1)

[

E'[-1] —Y— E'[1]

is commutative. Using Lemma 4.2.1 and that by definition ¢/ = pp(72)E’, this is the
same diagram as

EF-1)"E pr()
l le
E/[-1] w(T)E E’[l]

and now the claim follows by naturality of ps(7:).



D

The 1-derived category as a
deformation

We have arrived at the last chapter of the thesis. We are left with two tasks: showing
that the 1-derived category is indeed a deformation of D(A), and finding an appropriate
version of the square (1.1). The first is simple enough, and is done in Section 5.1.1. In
Section 5.1.2 we compute explicitly the Hochschild class identifies by seeing the 1-derived
category as a deformation (Theorem 5.1.1). In Section 5.2 we define a set of curved Morita
deformations, which are a version of the objects considered in [KL09] which allow for cdg —
and not just dg — algebra deformations. We show (Theorem 5.2.1) that these deformations
are, as one would expect, parametrized by the second Hochschild cohomology. In Section
5.3, we pull all the strings together: using the notions of curved Morita deformations and
categorical deformations, we recover the derived equivalent of the square (1.1). After that,
in Section 5.4.1 we show how categorical deformations can be thought as “blowups” of
classical deformations, and describe explicitly the case of an algebra deformation. Finally,
Section 5.5 contains some technical results about extensions of A., functors which are
needed in the proof of Theorem 5.1.1.

5.1 The 1-derived category

Let A be a dg k-algebra. As in the introduction, we will denote with A, a first order
algebra deformation of A, and with D(A.) its 1-derived category D'(A;).The goal of
this section is to prove the following:

Theorem 5.1.1. Let A be a dg algebra, and A. a cdg deformation of A corresponding to
a Hochschild cocycle o € C%(A). Then the category D¢(A.) is a categorical deformation
of D(A), and the class pp(ay(D*(A:)) € HH?(D(A)) coincides with xa(pa).

Note that we have used the notation j4 to denote both the cocycle in C?(A) and the
corresponding class in HHQ(A); this makes sense because the map x4 is defined at the
level of cocycles, and not only for classes.

Remark. Specifically, the above result implies (in fact, since we are operating at the level
of classes is equivalent to) the fact that the image of pp(a)(D®(A:)) via the restriction
HH?(D(A)) — HH?(A) coincides with p4.

7
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5.1.1 Categorical deformations and the 1-derived category

It is straightforward to see that D®(A.) is a categorical deformation of D(A). We know
from Theorem 3.5.7 that there is a recollement

Cokert G

RN

D(A) —— De(A.) 225 D(A).

DA g

Kert

For concreteness, we will consider the dg enhancement of D®(A.) given by the A.-
modules which are cofibrant according to the model structure from Section 3.7; with
this enhancement, the functors ¢, Coker ¢, Kert¢, Im¢ are represented by honest dg func-
tors while G is given by a quasi-functor. The recollement induces a natural transfor-
mation Kert = Cokert which projects the subobject Kerty, C M into the quotient

Cokertys = M/tM. Moreover, there are natural transformations Imt % Kert and
Cokert % Tmt induced respectively by the inclusion tM < Kert), and the multipli-
cation M /tM L tM. For any A.-module M, the sequence

0 — tM 25 Kerty % Cokertyy 23 ImtM — 0

is exact. Splitting this yields short exact sequences

Kert Kert
eInM—>08und0—> ]

5
i i — Cokerty 2 tM — 0

0—>tM54KertM—>

which are natural in M, and have the property that the composition

Ker t]V[

I — Coker tps

Kerty —

coincides with a. Since semifree A-modules are in particular projective as graded A-
modules, the functor Hom4 (N, —) is exact and we have two short exact sequences of
De(A.)-D(A) bimodules

Kert

0 — Homa(—,Im¢) % Hom 4 (—, Kert) — Homyu (—, Tt
m

)—0
and

Kert
" Imt

with the property that the composition

0 — Homa(— ) —>H0mA(—,Cokert)gHomA(—,Imt)—M)

Kert

Hom 4 (—,Kert) — Homy (—, Tt
m

) — Hom 4 (—, Coker t)
coincides with «. Since short exact sequences give triangles in the derived category, we
are done. Note that the role of the functor C' from Definition 4.1.1 is taken by the dg

functor Ifer L
mt
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Remark. Tt follows from Proposition 3.6.10 that the subcategory D% (A.) C D*(A.) given
by the semiderived category ([Pos18]) coincides with the kernel of the functor C — the cone
of the natural transformation §;. This observation allows to define, for any categorical
deformation 7z, a full subcategory 7' C 7. given by the kernel of the functor C' appearing
in the deformation data. This subcategory measures — at least in the compactly generated
case — how close the deformation is to admit a classical, or uncurved, representative.
Specifically, in the case of an algebra deformation, it was already observed in the discussion
after Proposition 3.6.10 that as soon an object M € D*!(A.) exists whose reduction M /tM
is a compact generator of D(A), the deformation A. is equivalent to an uncurved one.
We expect a similar behavior to also appear in the general case.

On the other hand, we were not able to find any characterization for the quotient D(A.)
of D¢(A.), a priori only defined in the case where A is uncurved, which only makes use
of the deformation data. This remains an open question; for some relevant discussion, see
Section 5.4.

Example 5.1.1. In the case of the graded field considered in Example 3.2.2, the semiorthog-
onal decomposition of D®(A.) is actually orthogonal. This is consistent with our theory:
since the Hochschild cocycle u is an isomorphism, the same holds for the cocycle in
xa(u) € Z2C(D(A)). Hence, its cone — the gluing functor — is the zero object.

5.1.2 Enhancing the left adjoint

As mentioned before, the functor G is not induced by a dg functor. It follows essentially
by definition that it does have an enhancement as a quasi-functor, but this is impractical:
concretely, the natural formula must be resolved in order to do concrete computations and
this creates complications. Instead, we will see that G has a very natural incarnation as
an Aoo-functor. We refer the reader to [COS19; COS24] for details regarding the switch
between different models for the homotopy category of dg categories. Note that we use
for Ao-functors the same notion of adjunction we used for quasi-functors; this is also
equivalent (at the homotopy level) to the notion of adjunction between oco-functors, see
[DKSS24].

We will consider a variant of the construction from Section 3.2 of one of the compact
generators of the 1-derived category. Recall that the curvature of A, is of the form tug.

We have a well-defined degree 2 closed A-module map A ey A.. We define the A.-module
I' as the “two sided cone” of the diagram

—tpo
Az _ > A,

where 7 is the natural projection. Explicitly, T is given by the graded module A, & A[—1]
with differential given by

dF(aE7 b) = (dAsa'E - tluoba dA[—l]b + a)a
where we have denoted the action of the map 7 by removing the subscript ¢.

Proposition 5.1.2. The module T" is a cdg Ac.-module.

Proof. Straightforward, see the proof of Proposition 3.2.2. O
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Since tI" = A, there is a natural dg algebra map
E =Homyu_(T',T) — Homu (¢tT,tT) = A

which is easily seen to be a surjective quasi-isomorphism (by the same argument used
in the proof of Lemma 5.5). Hence, it admits an A.-inverse e: A — E. Let us de-
scribe explicitly this inverse, remembering that the A,,-algebra morphism e is given by
a collection

gi € Homy (A% E)

of degree 1 — i satisfying the A..-identities

S () A @m, ©id®) = Y (1) (g, © 90, ® .. © gi,)
n=r+s+t 114...0-=n

where m; represent the operations of A and E, and s = . (r —j)(i; —1). At the graded
level, the algebra FE is the matrix algebra

Homga (Ae,Ac)  Homga (A[-1],Al)| o | A A[l]
[HomAe (Ae, A[-1]) Homy_ (A, A) } - [A[—l] A }

with differential

d Te Y _ dez. dy + —L‘(y-l—uoz) MoW — Tlo
Elzy w dz dw T —w 0

for degree 0 elements x., vy, z, w — otherwise the Koszul sign rule applies. The component
g1 carries the element a € A to the matrix

a pi(A)],

0 a ’

this does commute with the differentials, but not with the multiplications — since the

map A 3t A, is not a map of associative algebras, neither is g;. A higher component
go: A®r A — E is therefore needed. We define

go(a,b) = {8 M2(87b)} .

Proposition 5.1.3. The map A % E is a quasi-isomorphism of As-algebras.

Proof. By definition, g is a quasi-isomorphism if and only if g; is; but ¢ is a right inverse
to the quasi-isomorphism E — A, so the only thing to check is that g is indeed an A..-
algebra morphism. Since A and E are dg algebras and g; = 0 for ¢ > 2, the A, equations
specialize to

—

drgi(a) = g1da(a)

g1(ab) — g1(a)g1(b) = dpga(a,b) + ga(daa,b) + g2(a, dab)
g92(a,b)g ( ) — g1(a)g 2((1’ b) + g2(ab, c) — g2(a, bec) = 0

g2(a,b)g2(b,c) =0

S~—
~ o~~~

= W N
S— N N
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for degree 0 elements a, b, c € A — otherwise the Koszul sign rule must be applied. Writing
down the explicit formulas, one sees that equation (5.1) corresponds to the condition
dp1 + pad = [uo, —], equation (5.2) to

ap1(b) — pa(ab) + pa(a)b = duz(a, b) — pa(a, db) — p2(a, db)
and equation (5.3) to
apia (b, ¢) — pa(ab, c) + pa(a, be) — pa(a,b)e.

Equation (5.4) is automatically satisfied, since g2 is a square-zero matrix. There are
precisely (all but one of) the components of the equation dy(u) = 0, where dy is the
total Hochschild differential. Note how the only condition that was not needed in this
proof — that is, d 49 = 0 — was implicitly used in showing that I" is a cdg A.-module. O

Then, seeing A as a one-object dg category, we have a well-defined A,.-functor
A De(AL)

which sends the only object A to I" € D*(A,).

5.1.2.1 Cones of A,,-morphisms

Let F,G: A — D(A) be (strict) As-functors and 7: F — G an A -natural transfor-
mation. In components, F' is given by a certain object FA € D(A) together with an
A .-algebra map

AL Homy (FA, FA)
which is given explicitly by components
F;: A®" = Homu(FA, FA)

of appropriate degree, and the same for GG. Similarly, the natural transformation 7 is
given by components '
n;i: A®" — Homa(FA,GA).

The category of A-functors A — D(A) is pretriangulated, and we can give an explicit
description of cones in this category, following [Lef03]. At the object level, the A..-functor
Cone(n)(A) is defined as

Cone(n)(A) = Cone(n) =4 GA® FA[L].
The Ao-morphism
A — Homy4 (Cone(ng), Cone(ny)) = Homa (GA & FA[l],GA ® FA[1])

is given in components by

[]gi cﬂ : A% — Homy (GA @ FA[l],GA® FA[1]).
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Any such morphism defines a canonical short exact sequence of A..-functors
0 — GA — Cone(n) - FA[1] = 0
which corresponds to the triangle
FA™ GA — Cone(n) — FA[l]

in the homotopy category.

Lemma 5.1.4. The composition

Kert

A4 DF(A) "2 D(A)

is isomorphic to the cone of pa, when seen as a closed morphism inc[—2] — inc. Moreover
the composition

A% D(A) P D(A)
coincides with the cone of the identity natural transformation of inc[—1].

Proof. For the first statement one observes that, at the graded level, Kertr = A® A[—1],
with differential induced by I'. Under the isomorphism Ker A. = A, we see that

dKer tr ((L, b) = (da, db + (L,uo)

which shows that Kertr corresponds to the cone of po. Hence, as an object of D(A),
Kertr coincides with the cone of . To conclude, we have to show that this also holds at
the level of the actions, i.e. that the two possible A,.-algebra maps

A — Hom 4 (Ker tr, Ker tr)

— one defined by seeing Ker tr as the cone of p 4, the other induced by e — coincide. This
is however immediate, since they are both given in components by

A— HOIIIA (KCI‘ tr, Ker tr)

a pi(a)
0 [O { ]
and
A® A — Homy(Kertr,Kertr)
0 2 (aa b)
a®b— [0 0 .
The second statement is straightforward using the same argument. O

5.1.2.2 The adjunction isomorphism

Using Proposition 5.5.1, we can extend the functor g to an A..-functor

Goo = xa(g): D(A) — D*(A,).
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Given M = ({n;}, f) € Tw(A), we have a natural isomorphism
tGooM = (©itl[ng], g1(f)jir) = (BiAlnil, f) = M

We therefore have a natural isomorphism idp4) — Imt o G. This induces a natural
transformation

Homy_ (GooM,N) — Homa (tGooc M, tN) — Homy (M, tN).
We can show that this emerges as the unit of an adjunction between Imt and G .
Lemma 5.1.5. The natural morphism
Homy_ (GooM, N) = Homy (M, tN) (5.5)
is an isomorphism in D(k).
Proof. Consider the subcategory of D(A) given by the modules for which (5.5) is an
isomorphism. This is closed under shifts and cones, as well as under coproducts since

Goo preserves them. Hence it is enough to show that it contains the generator A; since
GoA =T, we want to show that the map

Homy, (T, M) — Homy (1T, tM) =2 Homy (A, tM) = tM
is a quasi-isomorphism. It is immediate to check that it is surjective, and its kernel is

given by
Homy_ (T, Kerty) = Homa(QT, Kertyy)

which is acyclic since QI is contractible. O
Hence by [DKSS24, Proposition 1.2.7] the functor G is left adjoint to Im ¢.

We will also need the “large” version of Lemma 5.1.4.

Lemma 5.1.6. The composition

is isomorphic to the cone of xa(pa), when seen as a closed morphism idpa)[—2] —
idp(a). Moreover the composition

D(A) % D?(A.) 92" D(A)

coincides with the cone of the identity natural transformation of idp(a[—1].
Proof. This is a combination of Lemma 5.1.4 and the properties of the functor x 4. U

Proof of Theorem 5.1.1. First of all, observe that the unit map Imto Gy — idp(a) is the
identity. Thus by definition, the class pup(4)(D®(A:)) is obtained by composing with G
the morphism

Imt¢ — Imt[2]
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obtained by composing the boundary maps induced by the two short exact sequences

Kert .
ert s Cokert 3 Imt — 0

and
Kert

0—>Imthert—> — 0.
Im¢

The comparison between quasi-functors and A..-functors preserves dg functors and dg
natural transformations between them, hence the class ppa)(D®(A;)) is given, in the
A setting, by the composition of the morphism

Kert

idy —
1A Im¢

0 Gooll]

induced by the short exact sequence

Kert 852G

O%I toGoO%CokertoGoo%ImtoG%idAHO (5.6)
m

with the morphism
Kert

Imt
induced by the short exact sequence

o Goo[l] — idD(A) [2]

Ker
O%idD(A)%ImtoGOOgKertoGoo%hi—rtoGOO%O. (5.7)

The first observation is that Ifrflrtt oG o coincides with id p(4)[—1]; moreover by Proposition

5.5.1 the short exact sequence (5.6) can be read as
0— idD(A) [—1} — Cone(ididD(A)[_l]) — idD(A) —0

from which! one can conclude that the boundary map is the identity map id D(A) — idpay-
In the same way, the short exact sequence (5.7) reads

0 — idp(a)[1] — Cone(xa(pa)) — idp(ay — 0

from which it follows that the boundary map is precisely xa(u4), hence the claim.

5.2 Curved Morita deformations

In this section, we place one of the missing pieces: we show that, if one allows for curved
deformations, then Morita deformations are indeed parametrized by the Hochschild com-
plex.

Precisely, we prove:

IThe confusing notation id; denotes the identity natural transformation between the shifted

dpayl—1]
identity functor and itself.
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Theorem 5.2.1. Let cDef 4(k[e]) denote the set of equivalence classes of curved Morita
deformations of a dg algebra A. There exists a bijection

v: cDef 4(k[e]) — HH?(A).

This is not too surprising: the lack of surjectivity of the similar map introduced in [KL09]
is essentially due to the existence of curved deformations. If one allows those back into
the picture, the question becomes one of rectifying cA., deformations to cdg equivalent
ones. The defect in injectivity is fixed by (forcibly, since the notion from [KL09] does
not apply to the curved case) changing the notion of equivalence of deformations, making
more coarse.

5.2.1 Hochschild cohomology and Morita bimodules

Let A, B be dg algebras over k and X an A-B bimodule. Following [KL09], we will use
the arrow category cx associated to the bimodule X, which is a dg category with two
distinct objects P and @ and

Hom, (P, P) = A, Hom, (@, Q@) = B, Hom., (Q, P) = X and Hom,, (P,Q) =0.

with composition defined in the obvious way. The category ¢x comes equipped with two
fully faithful dg functors
j:A—cxandi: B —cx

where A and B are seen as dg categories with one object, which are identified respectively
with P and Q. In [Kel03], Keller introduced for any Morita bimodule X a bijection?

ox: HH*(B) — HH®(A)

between the Hochschild cohomologies of B and A which is functorial with respect to the
(derived) tensor product of bimodules. By construction of ¢x, the diagram

HH*(B)

is a commutative diagram of isomorphisms, where j* i* are the maps induced by the
restrictions along the fully faithful functors A — ¢x and B — c¢x.

5.2.2 Curved Morita deformations

Denote with k[e] the algebra of the dual numbers. Let A be a dg algebra over k. In the
following, we will just say k[e]-free to mean free as a graded k[e]-module.

2In fact px is shown to give an isomorphism in the homotopy category of Beo algebras between the
Hochschild complexes, but we will only need the result at the homotopy level.



86 CHAPTER 5. THE 1-DERIVED CATEGORY AS A DEFORMATION

Definition 5.2.2. A curved Morita deformation of A is a k[e]-free cdg k[e]-algebra B.
equipped with, setting B := B. ®y,) k, a B-A Morita bimodule X. Two curved defor-
mations (B, X) and (C.,Y) are equivalent if there exists a cdg B.-C. bimodule Z_ that
is free as a graded B.-module and as a graded C.-module (in particular, it is k[e]-free)
and such that, setting C' = C: Q) k, the B-C bimodule Z = Z. @y, k is cofibrant as a
bimodule and there exists an isomorphism X = Z ®¢ Y in the derived category of B-A
bimodules.

We will denote with cDef 4 (k[e]) the set of curved Morita deformations of A up to equiv-
alence.

Lemma 5.2.3. FEquivalence of curved deformations is an equivalence relation, so the set
cDef 4 (k[e]) is well defined.

Proof. Transitivity is easy, since if a deformation B is equivalent via X, to C; and C; is
equivalent to D, via Y, then one can check that X, ®¢_ Y. gives an equivalence between
B. and D.. Symmetry is less immediate: let Z. be a morphism between deformations B,
and C.. Then Z is a Morita bimodule, thus there exists a cofibrant C-B Morita bimodule
W such that Z ®@c W = B and W ®p Z = C. Denoting with ¢y the arrow category of
W, by definition of ¢y there is a commutative diagram of isomorphisms

HH?(C)

HH?(B).

Since w is an inverse to ¢z and by Proposition 5.2.4 the map ¢z carries the class
that defines B. to the one defining C;, reasoning exactly as in the proof of Proposition
5.2.6 we can conclude that there exists a graded B.-free and C.-free C.-B. cdg bimodule
W. such that its reduction W is cofibrant and isomorphic in the derived category of
bimodules to W, which is a Morita equivalence. We have thus proved that equivalence of
curved deformations is a symmetric relation. Reflexivity is proven in the same way: for
any deformation B, we have the cdg B.-bimodule B, whose reduction B is manifestly a
Morita bimodule; resolving this via the same procedure as before, we are done. O

Remark. 1t is clear that the set cDef 4 (k[e]) is really just the set of connected components
of a (higher) groupoid. A satisfactory construction of the whole groupoid would require
a generalization to curved categories of the Morita theory of [Toé07] where the weak
equivalences are, at least on k[e]-free categories, the morphisms inducing weak equivalence
on the (uncurved) reductions. In this generalization, the mapping spaces would be given
by (an enhancement of) some version of the semiderived category of bimodules, following
constructions in [Pos18]; indeed our condition of graded C.-freeness and cofibrancy of the
reduction is implied by the natural cofibrancy condition for the semiderived category of
[Pos18]. This is also related to the 1-derived category, since its subcategory given by the
kle]-free modules coincides with the semiderived category. At the moment, this theory
does not exist so we have to define our objects “by hand”. In particular, we have no
intrinsic definition of the left derived functor of the reduction — ®j k from (weakly)
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curved dg k[e]-algebras to dg k-algebras; we solve this issue by restricting to k[e]-free
algebras to begin with.

5.2.3 Curved deformations and Hochschild cohomology

It is well-known (see [Low08; KLO09]) that there is a correspondence between the set of
Hochschild 2-cocycles and that of deformations of A as a cA, algebra, i.e. kle]-free cAs
algebras A. equipped with an isomorphism of dg algebras A. @y k = A. Define a map

v: cDef 4(k[e]) — HH?(A)

in the same way as in [KL09]: if (B.,X) is a curved deformation of A, then B. is a
cAs deformation of B, so defines a cocycle 1 and a class [] in HH?(B). The class
v(B.) € HH?(A) is given by definition by ¢ ([n]).

Proposition 5.2.4. The map v is well defined.

Proof. The proof of [KL09, Proposition 3.3] applies verbatim. O

Proposition 5.2.5. The map v is surjective.

Proof. Let [n] € HHQ(A) be an Hochschild class; then any cocycle n representing the
class defines a cAy deformation A. of A. Assume for now that there exists a k[e]-free
cdg algebra B. equipped with a cA,, B.-A. bimodule Z. such that the reduction Z is
a Morita B-A bimodule (in particular, cannot have higher components). It is clear that
(B:, Z) is an element of cDef 4(k[e]). By definition of ¢z, the diagram

HH?(B)

HH?(A)

commutes, and ¢z_ defines a cA., deformation of ¢z which defines an Hochschild cocycle
p € HH?(cz). Moreover by construction, j*[u] = [n]; therefore, v(B.) = j*[u] = [1].
We are left to prove that such B, exists. Consider the cdg algebra Y(A.) given as the
image via the curved Yoneda embedding (see [DL18] for a complete description of the
curved Yoneda embedding and of the category of A, modules) of the cA,, algebra A..
This is isomorphic to the cdg algebra Homy_(Ac, Ac) where the hom is taken in the cdg
category of gA A-.-modules. Since A, is k[e]-free, the same holds for Y(A.) since, as
a graded k[e]-module, it is a product of homs between k[e]-free modules. There is a

natural map of cA., algebras A, RA Y(A.) given by the curved Yoneda embedding. Its
higher components are killed by reduction, so setting Y(A:)o := V(A:) @k k, we have

a morphism of dg algebras A %y (Ag)o. This coincides with the Ao, Yoneda embedding
which, by [DL18, Theorem 4.15] is a quasi-isomorphism and we are done. O
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Proposition 5.2.6. The map v is injective.

Proof. Suppose that (B¢, X) and (C.,Y) are cdg deformations of A such that v(B.) =
v(C:). Let Z be a cofibrant Morita B-C' bimodule such that there is an isomorphism
Z ®cY = X in the derived category — such a bimodule always exists by the standard
Morita theory of dg algebras, see e.g. the proof of [KL09, Proposition 3.7]. Then by
definition of ¢z the diagram

is commutative. Denoting with np and n¢ the Hochschild cocycles of B and C' defining
their cA,, deformations B. and C¢, since they map to the same element in HH2(A) and
all arrows are isomorphisms, there must be an element [y] € HH?(cz) such that

(7)) = [ns] and j*([7]) = [nel-

By [KL09, Lemma 3.8], it is actually possible to find a 2-cocycle v mapping to 74 and
N before passing to cohomology. Now v defines a cA. deformation of ¢z which is
immediately seen to be itself an arrow category for some B.-C. cAy bimodule Z.. By
construction of Z. it is k[e]-free and its reduction modulo € is the B-C' Morita bimodule
Z.

We are almost done, except that we need to rectify Z. to a cdg — and not cA,, — bi-
module. This is an application of Koszul duality, for which we employ the notations and
constructions of [Pos11, Sections 6 and 8]*. Using the fact that the (co)bar construction
is appropriately monoidal, a cA., B.-C. bimodule corresponds to a cA., module over the
cdg algebra B, = B.°” @[ C-. This by definition is a cdg comodule Bar,(E., Z.) over
the cdg coalgebra Bar,(E.) (for a similar construction, see the curved bar construction
of [Pos18]). Consider then the cdg E.-module 7. = E. @™ Bar, (E., Z.). This is graded
E,-free — its underlying graded module is E. ®y, Bar,(E;, Z:) — so it is both graded C.-
free and graded B.-free. Moreover, denoting F = E. @y k = B°? ®; C, the reduction Z

of Z. is the dg E-module E ®" Bar,(FE, Z), where now the tensors are over the base field
k. By the proof of [Posll, Theorem 6.3], this coincides with the (reduced) bar resolution
of the dg E-module M, which is therefore both cofibrant and, being isomorphic to Z in
the derived category of bimodules, a Morita equivalence. O

3In principle the constructions there are only given for a base field, but since in our case everything
is (graded) k[e]-free we can repeat verbatim his constructions over this base ring. In particular, all the
tensor products in the various bar constructions are intended over k[e].
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5.3 A commutative square of deformations

Finally, we can show that the map pp4) is compatible with the bijection
v: cDef 4(k[e]) — HH?(A)

introduced in Section 5.2, yielding the square (1.4) promised in the introduction (Theorem
5.3.2).

5.3.1 Curved Morita deformations and Hochschild cohomology

Recall that if A, B are dg algebras, an A-B-bimodule X is said to be a Morita equivalence
if the induced adjoint pair

_®%X
D(A) — D(B)
RHomp(X,—)

is an equivalence. For notational simplicity, denote with Fx the equivalence — ®% X and
with F' its inverse R Homp (X, —).

5.3.2 From algebras to categories

We start with the following:

Proposition 5.3.1. For any curved Morita deformation (Be,X) of A, the 1-derived
category D*(B;) is a categorical deformation of D(A). Equivalent Morita deformations
yield equivalent categorical deformations, so this assignment gives a well-defined map

D?(=): cDef 4 (k[e]) — CatDef p 1) (k[e])

Proof. By Theorem 5.1.1, the category D®(B;) is a categorical deformation of D(B), i.e.
there exists a recollement

Q G
D(B) —i— D*(B.) —E- D(B)
S —
together with two triangles
E—-K—=C—E[lland C - Q — E— C[1]. (5.8)

We can thus define
ia=iFx,Ga=GFx, Ea=F'E, Ky = FX'L, Qa = FX'Q

to obtain a recollement

Qa Ga
D(A) —ia» D°(B:) -Ea» D(A);
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similarly one can compose the triangles (5.8) with F'y ! to obtain the relevant Yoneda
extension, and thus show that D®(B;) is indeed a deformation of D(A).

To show that equivalent curved deformations yield equivalent categorical deformations,
assume that Z. is an equivalence between two Morita deformations B. and C.. Then by
Proposition 3.4.3 there is an induced equivalence D¢(B.) = D*(C.) which, by Lemma
3.4.5 is compatible with the semiorthogonal decompositions; it is straightforward to check
that this is also an equivalence of deformations — this essentially follows from the fact
that the equivalences are k[e]-linear and the Yoneda extensions are defined in terms of
the action of t. O
We can now tie everything together:

Theorem 5.3.2. Let A be a dg algebra. There is a commutative square of bijections

cDef 4(k[e]) —~%—— HH?(A)

DE(f)J( lXA

CatDef () (k[e]) “2% HH2(D(A))

Proof. We already know the arrows xa, pipa) and v are bijections, so only the com-
mutativity of the diagram remains to be shown. Let (Bg, X) be a curved Morita de-
formation of A; then D°(B.) is a categorical deformation of D(A), and we want to
compute its associated class in HH?*(D(A)). The equivalence Fx defines a bijection

HH?(D(B)) “5 HH2(D(A)): given a class
idp(py[—1] 5 idp(p)[1]
in HH?(D(B)), we define ¢, (np) as the class

. 1. Fi'nsFx 1. :
ldD(A)[—l]nglldBFx[—l] Xif XFxlldBFx[—l]gldD(A)[—l]

in HH?(D(A)); this is compatible with the morphism y 4, in the sense that the diagram

HH?(B) —2X— HH?(A)

xs| P

HH?(D(B)) 4= HH?(D(B))

commutes. Recall that up € HH?(B) is the class corresponding to the cdg deformation
B of B. By construction, one has that

p(a)(D°(B:)) = ¢ry © ip(m) (D (Be)).
Hence, by Theorem 5.1.1, we get

tpa)(DF(Be)) = pry (XB(1B))=xA(Px (1B)) = xa(V(B:))

and we are done. O
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5.4 Deformations and smoothness

As an application we show that, unlike in the classical case, smoothness is preserved under
categorical deformations. Recall from [KL12] that a dg category C is said to be smooth if
the diagonal bimodule C € D(C°P ® C) is compact*.

Proposition 5.4.1. Let 7. be a categorical deformation of a triangulated category T .

Then T. is smooth if and only if T is smooth; the same statement holds for properness®.

Proof. One implication follows directly from [KL12, Proposition 4.9], since T is the only
semiorthogonal factor of 7;. For the other implication, we know again by [KL12, Propo-
sition 4.9] that, being 7 smooth, the gluing 7 is smooth if and only if the gluing bi-
module KG[1] € D(T° @ T) is perfect. Since T is smooth, the diagonal bimodule
idr € D(T°P ® T) is perfect. From the existence of the triangle

idr (-1 "N id 1] - KG[1) — idy

of Corollary 4.1.3 we deduce that KG[1] is also perfect. The same argument holds for
properness. O

In fact, the proof says something more: the functor K'G is obtained as a finite extension
of copies of id7, so it is “as perfect as” idy. This, in turn, conveys the idea that 7 is
“as singular as” T. Consider now the case of a deformation A, of a dg algebra A, and
assume that A, is a honest dg algebra (i.e. has no curvature).

One sees that if A is a smooth dg algebra, then its (dg enhanced) derived category D(A) is
smooth. On the other hand, even when A is smooth, the deformation A, is never smooth
and thus neither is D(A.); this is due to the fact that the base ring R,, is not reduced
and thus is not itself smooth. Recall that a categorical resolution of a pretriangulated dg
category A is a smooth pretriangulated dg category C equipped with a dg functor A — C
which induces a fully faithful functor between the homotopy categories. We can therefore
prove the following fact:

Proposition 5.4.2. If A is a homologically smooth dg algebra and the deformation A.
is a dg algebra, then D(A¢) is a categorical resolution of D(A.).

Proof. Fist of all, observe that since A is homologically smooth the same holds for D(A).
We know from Corollary 3.1.10 that there is an embedding
D(Ae) — DE(AE)§

since D?(A.) is a categorical deformation of D(A), by Proposition 5.4.1 it is homologically
smooth and hence a categorical resolution of D(A.). O

4One should be careful about size issues, which we ignore here; for an in depth treatment, see [LO10,
Appendix A].

5A dg category A is said to be proper if for all A, B € A, the k-module @; H? Hom 4 (A4, B) is finite-
dimensional.
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It is reasonable to see D*(A.) as a blowup of D(A.). Indeed, the procedure of moving
from D(A.) to D(A.) only resolves the singularity coming from the presence of the
nilpotent deformation parameter; any singularity “away from 0” will still be present
in D*(A.). This procedure offers some insight into the relation between the classical
notion of deformation for triangulated categories ([Lurll; GLSVdB24; BKP18]) and our
categorical deformations. The point is that, given a classical deformation, its blowup (in
an appropriate sense) is a categorical deformation. One can use this setup to investigate
the natural question of whether — in specific cases — classical deformations span the
whole Hochschild complex and, in cases where they don’t, which part of the Hochschild
complex they do span. This question can be reformulated as asking which classes of
categorical deformations can be obtained as blowups of classical deformations. This is
useful in practice, since it allows one access to properties and invariants of the categorical
deformation. In future work we will further explore this perspective, in particular in
relation to the results from [GLSVdB24].

5.5 Extending A.-functors

In this section we record some technical results about extensions of A,.-functors that will
be needed in the later section (Proposition 5.5.1); we also observe a relation between this
construction and Hochschild cohomology.

5.5.1 Extension of functors

If A and B are pretriangulated dg categories, denote with Fun4__ (A, B) the dg category of
Aso-functors from A to B [COS19]; similarly, if A and B admit small coproducts, denote
with Funf (A, B) the dg category of cocontinuous A..-functors from A to B - that is,
Aso-functors for which the underlying H°(A) — H°(B) preserves small coproducts. It is
a well-known fact (see [LRG22, Proposition 3.27]) that the restriction dg functor

Funfy_ (D(A),B) — Funa_ (A, B)

along the Yoneda embedding A — D(A) is a quasi-equivalence. The enhancement Tw(A)
allows for an easy description of a quasi-inverse to the restriction, given by the natural
extension of an A, -functor to the category of twisted objects. This is well-known and
often used implicitly in the literature (see e.g. [Hai24, Section 2]); similar computations
also appear in [AL17; AL21]. For future use, we describe explicitly the formulas appearing
in the extension:

Proposition 5.5.1. Any A -functor F': A — B can be canonically extended to a cocon-
tinuous Ao -functor
xa(F): D(A) — B.

This assignment provides a dg functor
Xa: Fung_(A,B) — Funa__(D(A), B)

which preserves triangles in the homotopy category.
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Construction of the extension. Preliminarily, observe that since B is pretriangulated and
closed under coproducts, there is a fully faithful totalization dg functor

Tw(B) — B.

Hence, it will be enough to describe x4 (F) as a functor Tw(A) — Tw(B). For simplicity
we omit the signs from the formulas; the interested reader can consult [Low08] for the
precise sign conventions. By definition, f is given by an object F'A € B together with an
Aso-algebra morphism (see Section 5.1.2)

A = Homp(FA, FA)
given by components F;: A®" — Homp(FA, FA). Given M = (©A;[n;],6xr) in Tw(A)
set

F(om) =Y Fi(65))
and define x4 (F)(M) = (®;fAln;], F(8)). Given

M = (©ierAnil,on), N = (@icsAln;l],dn) and g € Homry,a)(M, N),
define then
Xa(F)i(g) =Y Fi(6* @ g @ 6);
i>1

in general, given My, ... M, € Tw(A) and g' € Homrya)(M;—1, M;) define the compo-
nent x4 (F).(g,...g") as

oY e ei®™ ele... @i @ gt @ %)

i>n ko+...kn=1t—mn

One verifies that these formulas define an A..-functor. To enhance x 4(—) to a dg functor,
one must define an action of natural transformation, that is: given two functors

f,g: A—B
and an A, natural transformation n: f — g given by components
ni: A®" — Hompg(fA, hA)

we want to construct an A..-natural transformation xa(f) — xa(h). We define the
component x4(n)n(gt,...g") as

Z Z 77i(5®k0 ® gl ® 6®k’1 ® g2 ® . ® 6®kn—1 ® gn ® 6®k").

i>n ko+...kn=i—n

One verifies that y 4 commutes (strictly) with the composition of natural transformations
and with the differentials, hence it defines a dg (and not A.!) functor

XA: FU-HAOO (A,B) — FlHleo (D(A),B)
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5.5.2 The characteristic morphism

As already noted, the formulas from the previous section are essentially the same ap-
pearing in [Low08]; let us make this fact precise. Let C*(A) be the Hochschild cochain
complex of A. It is well-known that there is an isomorphism

c* (A) = I—Ionfll:‘un,qOC (A,A) (idAa idA)a

where A is viewed as a dg category with one object, and id4 is the identity dg functor
A% A At the same time, there is a fully faithful embedding

Funy (A, A) — Funa__ (A4, D(A))
induced by the embedding A &8 D(A). The extension via x 4 of the inclusion A — D(A)
is the identity functor of D(A), hence the image of id4 via the composition

Funy_ (A, A) < Funu_ (4, D(A)) X8 Funa__(D(A), D(A))
is idp(a). Therefore, the functor x4 defines a map
C.(A) = HOIDFunADo (AA) (idA, ldA) — HomFunAoo (D(A),D(A)) (idD(A), idD(A)) = C.(D(A))

This coincides with the map x4 defined in [Low08].
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Future research prospects

In this short chapter, we discuss some potential implications and improvements of the
results presented in the rest of the thesis.

6.1 Coherent complexes and higher actions

As already discussed, our definition of categorical deformation only requires working with
the homotopy categories of the various functor categories, without considering their en-
hancements. This allowed us to give fairly direct constructions, but also has its downsides.
Our theory is well-equipped to decide whether two deformations are equivalent, but less
so to describe the group of autoequivalences of a deformation. A notion of morphism of
deformation more apt to this problem would entail having a functor which induces in an
appropriate sense a morphism of Yoneda extensions (see Proposition 2.1.3). The issue
is that, in our setting, it is unreasonable for a functor to commute with the boundary
object C, since that is often only defined up to a noncanonical isomorphism. For this
construction to work, one would need a fully enhanced notion of categorical deformation.

Indeed, one would want to define a Yoneda extension of functors as a sequence
S e 5
0E3K3Q3E—0

with ad; = doa = 0 with the property that « induces an isomorphism & between the cone
C of §; and the cocone D of s, as in

Even though one can show that ad; = doax = 0 the issue is that, if we remain in the
homotopy category, the Toda bracket (1, «, d2) is an obstruction to the existence of any
map & as in the diagram. This problem can be solved by committing to the higher
categorical world; indeed, sequences with vanishing Toda Brackets are known [Ari22] to
correspond to coherent complexes. To be more precise, one can consider the data of a
recollement, together with the following morphisms in the (enhanced) functor category:

95
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e A sequence of morphisms
05EBKSQB3E 0 (6.1)

e A nullhomotopy ¢ for the composition ad; and a nullhomotopy s for dsc;

e A homotopy H between dot and sd.

This data defines a canonical map & between the cone of §; and the cocone of do; a
categorical deformation would then be given by the above data, under the condition
for & to be an equivalence; note that this is a way to express the “exactness” of the
sequence (6.1). Any such construction yields, by passing to the homotopy category, a
Yoneda extension in the sense of Section 2.1.4. Highlighting the role of the natural
transformations ¢; and J-2 also hints at the sense in which the category 7: ought to be
considered k[e]-linear. Indeed, under the adjunctions between ¢ and K and @, the two
natural transformations

E2KamdQRE

correspond to natural transformations
B —idr. —1E.
This should be though as the categorification of the two natural transformations

tM s M 5 tM

for a k[e]-module M; hence, k[e] “acts” on the category 7. via the action of the endofunctor
1E, with the various natural transformations functioning as compatibility conditions.

In order to work effectively with these objects, however, our framework has to be recast
in the language of oco-category theory; a full treatment of these, more delicate, higher
aspects is thus postponed to future work.

We conclude by observing that further, leaving the model of dg categories would allow to
give a fairly straightforward description of absolute, or non-linear deformations in terms
of topological Hochschild cohomology, which should in turn be compared with [KL11,
Section 5][KLBa; KLBb].

6.2 Formal deformation theory

One way to interpret the results of this thesis is as describing the tangent space — via
first order deformations — to a certain, not fully understood, moduli space of triangulated
categories. At the local level, it is a well known maxim that “deformation problems cor-
respond to dg Lie algebras”. This statement can be formalized in the setting of derived
deformation theory, and has been shown independently by Pridham in [Pril0] and Lurie in
[Lurll]. Here, a deformation problem is encoded via an (enhanced) functor dgart,, — S
from the category of artinian dg algebras to the category of spaces, which satisfies some
formal properties. The precise statement is then given as an equivalence of (homotopy)
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categories between the category of deformation functors and the category of dg Lie alge-
bras. In this framework the curvature problem corresponds to the fact that, for a fixed
(enhanced) triangulated category C, the functor

CatDefe(—): dgart, — S

which assigns to an algebra R the set of classical R-deformations of C does not satisfy
the formal properties required of a deformation functor. On the other hand, the theory
yields a “best approximation” deformation functor

CatDefl (—): dgart, — S

which comes equipped with a universal natural transformation CatDefe (—) SN CatDefl (—);
It was shown in [Lurll] that the functor CatDefl (—) does correspond, under the equiva-
lence between deformation problems and dglas, to the (shifted) Hochschild complex. One
can easily see that mo CatDef{ (k[¢]) = HH?(C), hence the transformation 7 recovers the
usual map between (Morita) classical deformations and HH?; the failure of this map to
be a bijection is, as we have discussed, an instance of the curvature problem. The def-
inition of the functor CatDef/)(—) is however somewhat unsatisfying, being constructed
essentially via the Hochschild complex; no interpretation of the space CatDefé\(R) as a
space of R-deformation of C is known. We then conjecture that the functor CatDefl (—)
parametrizes appropriately defined categorical deformations of C. The results of Chapter
4, indeed, correspond to the first-order case of this statement. A full proof of this fact
will however require extensive preliminary developments; first, as already discussed in
Section 6.1, the theory would have to be recast in a more flexible homotopical framework.
More crucially, a general notion of categorical deformation over general local artinian (dg)
algebra must be developed. This is already a significant question, as the first-order case
does not have an obvious generalization. Definitions for certain bases can be reasonably
obtained — e.g., Theorem 3.5.7 suggests an inductive definition for categorical deforma-
tions over R, — but the question of finding a definition that works for arbitrary bases is
one that will be developed in future work.
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