Exercise 1
Determine whether these functions lie in the Schwartz space .7 (R):

_ _ 1|2
2| 712, eIl el

Exercise 2

Recall that in the last session we defined a metric d in the Schwartz space
< (R) with the property that a sequence ¢,, converged to ¢ € . (R) precisely
when

129" (¢ = @)l — 0
for all a, b. Show that the following operators . (R) — ./(R) are continuous:
e The derivative 0;
e The translation 7 (¢)(x) = ¢(xz — h);
e The multiplication by a polynomial p(z).

e The Fourier Transform F.

Exercise 3

A tempered distribution is a continuous linear functional u: .#(R) — C. The
space of tempered distributions is denoted with .#/(R).

It is a useful fact that a linear functional u: .#(R) — C is continuous if
and only if there exist C,a, b such that

[u(¢)] < pn (o)

for all ¢ € (R). Optional: prove this fact. If u: R — C is a function,

define the operator
Tu: S(R) - C

as Ty¢ = [updz. Show that the following operators are tempered distribu-
tions:

e T, for uw in the space L*°(R) of bounded functions;

e T, for u in LP(R) for p € [1,00). For this, you can use that for any
Schwartz function ¢ and any g € [1,00] there exists an N such that

]|z < P ().

e (Optional) T, for u of the form p(z)v(z) for a polynomial p and v in
some LP.

e The Dirac delta dp(¢) = ¢(0).



o If u is a tempered distribution, its distributional derivative

Ou(9) = —u(09)

and its translation

Thu(¢) = u(t—p)
e If u is a tempered distribution and p(z) a polynomial, the multiplica-
tion
pu(¢) = u(p(z)¢).
Exercise 4

Let

1 z>0
H(x):{o e <0

Show that Ty is a tempered distribution. Show that 0Ty = .

Exercise 5

Recall that if a function ¢ € ./(R) then its Fourier Transform F¢ lies in
Z(R) as well. This means that if u € ./(R) is a tempered distribution, we
can define its Fourier transform

Fu(p) = u(Fo).

and similarly the conjugate Fourier transform

Fu(@) = u(F9).
Show that:
o FF=FF =2rld;
o F(xu) =i0F (u) and F(Ou) = iwF (u);
o F(thu) = e ™ F(u) and F(e"u) = 7, Fu;
Compute the Fourier transforms of the following distributions:
e T, for u € L*(R);
e The Dirac delta dp;

e T, for a polynomial p(z) (Hint: what is 117 What is FT,7?);
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