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Exercise 1

Prove or find a counterexample to the following statement: let X be a topo-
logical space which is the union of two contractible subspaces A, B C X with
contractible intersection. Then X is contractible.

Exercise 2

Determine whether one can have an exact sequence of the form

0= Z/AZ — Z|8Z & Z/2Z — Z/]AZ — 0.

Exercise 3

Let J .
C.:...—>Ci+1g0i£0i_1—>...

and J .
D.:...—)Di+13Di3Di_1—>...

be chain complexes of abelian groups, and f, g: Cy — D, morphisms of chain
complexes. A homotopy between f and g is by definition a collection of maps
of abelian groups {h;: C; — D;.1}

\D21—>...

...—>Ci+1
B
D

such that h;_1dc + dph; = f; — g; for all 7.

i+1

e Show that if there exists a homotopy between f and g, then H,(f) =
H,(g9): H,(C) — H,(D).

e Show that if there exists a homotopy between the identity of C' and the
zero map, then H,(C) = 0 for any n. In this case we will say that the
chain complex C, is contractible.
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e Find an example of a chain complex with H, (C) = 0 for all n which is
not contractible.

Exercise 4

Let A,, Bo, Cs be chain complexes of abelian groups and let

be chain maps. Show that (ids). = idg,a) and (go f). = g. o fu.

Exercise 5

Let A, EN B, be a chain map. The map f is said to be a quasi-isomorphism
if f.: Ho(A) — H,(B) is an isomorphism; f is said to be a homotopy equiv-
alence if there exists chain map B, Iy A, such that fg is homotopic to
idg and gf is homotopic to id4. Show that any homotopy equivalence is a
quasi-isomorphism. Find an example of a quasi-isomorphism that is not a
homotopy equivalence.

Exercise 6

Let A, EN B. % C, be chain maps. Show that if two out of f,g, fg are
quasi-isomorphisms, so is the third.



