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Exercise 1 [Exercise 1.1.8 from the notes]

Prove that any metrizable space is Hausdorff.

Exercise 2 [Exercise 1.2.7 from the notes]

Consider the equivalence relation ∼ on R2 generated by (x, y) ∼ (λx, λy) for
λ ∈ R− {0}. Prove that R2/ ∼ is not Hausdorff.

Exercise 3 [Exercise 1.2.8 from the notes]

Consider the product topology on Rn = R× . . .× R︸ ︷︷ ︸
n times

. Show that it agrees

with the topology on Rn induced by the metric

d(x, y) =

√√√√ n∑
i=1

(xi − yi)2.

Exercise 4 [Box topology]

If (Xi)i∈I is an (in general infinite) collection of topological spaces, you have

seen in class the definition of the product topology on the set
∏
i

Xi. We can

alternatively define a different topology, τbox, by choosing as a base for the

topology the sets of the form
∏
i

Ui, where each Ui is an open of Xi. The

topology τbox is called the box topology.

• How is this topology different to the product topology?

• Show that

(∏
i

Xi, τbox

)
does not have the universal property of a

product. Hint: show that the function

R →
∏
N

R

x → (x, x, x, . . .)
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which is the identity on every component is not continuous in the box
topology.

Exercise 5 [Stereographic projection]

Show that Sn − {p}, where p is any point of the sphere, is homeomorphic to
Rn. You don’t have to write precise formulas, a drawing is sufficient.

Exercise 6

Show that R is not homeomorphic to R2. To solve this exercise it is useful
to know the concept of connectedness.

Exercise 7 [Exercise 1.4.2 from the notes]

Show that C(S1) ⊆ C(R) consists of the functions f : R → R that are periodic,
in the sense that f(x + k) = f(x) for any x ∈ R and k ∈ Z. Can you
characterize in the same way C(S1 × S1)?
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